The Nonsymmetric Kaluza-Klein Theory and Modern Physics. A Novel
  Approach by Kalinowski, M. W.
ar
X
iv
:1
41
0.
18
46
v4
  [
ph
ys
ics
.ge
n-
ph
]  
1 S
ep
 20
15
The Nonsymmetric Kaluza–Klein Theory and Modern Physics
A Novel Approach
M. W. Kalinowski
Pracownia Bioinformatyki, Instytut Medycyny Doświadczalnej i Klinicznej PAN,
ul. Pawińskiego 5, 02-106 Warszawa, Poland
e-mail: markwkal@bioexploratorium.pl, mkalinowski@imdik.pan.pl
August 15, 2018
To the memory of my teacher Professor Stanisław Szpikowski
Abstract
We consider in the paper the Nonsymmetric Kaluza–Klein Theory finding a condition for
a color confinement in the theory. We consider also a Kerner–Wong–Kopczyński equation in
this theory. The Nonsymmetric Kaluza–Klein Theory with a spontaneous symmetry breaking
and Higgs’ mechanism is examined. We find a mass spectrum for a broken gauge bosons
and Higgs’ particles. We derive a generalization of Kerner–Wong–Kopczyński equation in the
presence of Higgs’ field. A new term in the equation is a generalization of a Lorentz force
term for a Higgs’ field. We consider also a bosonic part of GSW (Glashow–Salam–Weinberg)
model in our theory, getting masses for W , Z bosons and for a Higgs’ boson agreed with an
experiment. We consider Kerner–Wong–Kopczyński equation in GSW model obtaining some
additional charges coupled to Higgs’ field.
Introduction
In this paper we consider the Nonsymmetric Kaluza–Klein Theory in a non-Abelian case and the
Nonsymmetric Kaluza–Klein Theory with Higgs’ mechanism and spontaneous symmetry breaking
in a new setting. The paper gives a comprehensive review of a subject with many new features
which are shortly summarized at the end of the introduction. Moreover, it cannot be considered
as a review paper because it contains new achievements in this rapidly developing subject.
The subject of the paper is specialized of course, but it could be very interesting for a wide
audience because geometrization and unification of fundamental physical interactions are very in-
teresting. This idea gives a justification for some phenomenological theories which are completely
arbitrary. There is no physics without mathematics, especially without geometry—differential
geometry. Even Maxwell–Lorentz electrodynamics happens post factum geometrized in fibre bun-
dle formalism. In the case of ordinary Kaluza–Klein Theory the geometrization and unification
have been achieved. Unfortunately, without “interference effects”. We consider in the paper some
additional versions of the Nonsymmetric Kaluza–Klein Theory. In particular, except of a real
version we consider also Nonsymmetric Hermitian Theory in two realizations, complex and hy-
percomplex. They are natural (Hermitian) metrization of a fiber bundle over a space-time. The
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nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory (a real version) has been developed in the
past (see Refs [1]–[5]). The theory unifies gravitational theory described by NGT (Nonsymmetric
Gravitational Theory, see Ref. [6]) and Yang–Mills’ fields (also electromagnetic field). In the case
of the Nonsymmetric Jordan–Thiry Theory this theory includes scalar field. The Nonsymmetric
Kaluza–Klein Theory can be obtained from the Nonsymmetric Jordan–Thiry Theory by simply
putting this scalar field to zero. In this way it is a limit of the Nonsymmetric Jordan–Thiry
Theory.
The Nonsymmetric Jordan–Thiry Theory has several physical applications in cosmology, e.g.:
(1) cosmological constant, (2) inflation, (3) quintessence, and some possible relations to the dark
matter problem. There is also a possibility to apply this theory to an anomalous acceleration
problem of Pioneer 10/11 (see Refs [7], [8]).
In this paper a scalar field Ψ = 0 (ρ = 1). Moreover, the extension to Jordan–Thiry Theory
in any nonsymmetric version is still possible and will be done elsewhere. The scalar field can
play a role as a dark matter—quintessence with weak interactions with ordinary matter. On the
classical level, this is only a gravitational interaction with the possibility to change a strength of
gravitational interaction via a change of gravitational constant. On a quantum level due to an
excitation of a quantum vacuum a very weak nongravitational interaction with ordinary matter
is possible, i.e. a scattering of scalarons with ordinary matter particles and also a scattering of
skewons with those particles.
The theory unifies gravity with gauge fields in a nontrivial way via geometrical unifications of
two fundamental invariance principles in Physics: (1) the coordinate invariance principle, (2) the
gauge invariance principle. Unification on the level of invariance principles is more important and
deeper than on the level of interactions for from invariance principles we get conservation laws
(via the Noether theorem). In some sense Kaluza–Klein theory unifies the energy-momentum
conservation law with the conservation of a color (isotopic) charge (an electric charge in an
electromagnetic case).
Let us notice that an idea of geometrization and simultaneously unification of fundamental
interactions is quite old. GR is 100 years old and Kaluza–Klein Theory is almost 100 years
old. Both ideas: a geometrization of physical interactions and a unification are well established
contemporarily.
This unification has been achieved in higher than four-dimensional world, i.e. (n+ 4)-dimen-
sional, where n = dimG, G is a gauge group for a Yang–Mills’ field, which is a semisimple Lie
group (non-Abelian). In an electromagnetic case we have G = U(1) and a unification is in 5-
dimensional world (see also [9]). The unification has been achieved via a natural nonsymmetric
metrization of a fiber bundle. This metrization is right-invariant with respect to an action of a
group G. We present also an Hermitian metrization of a fiber bundle in two versions: complex and
hypercomplex. The connection on a fiber bundle of frames over a manifold P (a bundle manifold)
is compatible with a metric tensor (nonsymmetric or Hermitian in complex or hypercomplex
version). In the case of G = U(1) the geometrical structure is biinvariant with respect to an
action of U(1), in a general non-Abelian case this is only right-invariant.
In the paper we do not mention some “modern” Kaluza–Klein developments for the reason
described in Conclusion of Ref. [9] which we do not repeat here.
Let us notice the following fact. We use a notion of a nonsymmetric metric as an abuse of
nomination for a metric is always symmetric. This will not cause any misunderstanding. It is
similar to an abuse of nomination in the case of Minkowski metric in Special Relativity for a
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metric is always positive definite.
The unification is nontrivial for we can get some additional effects unknown in conventional
theories of gravity and gauge fields (Yang–Mills’ or electromagnetic field). All of these effects,
which we call interference effects between gravity and gauge fields are testable in principle in
experiment or an observation. The formalism of this unification has been described in Refs [1]–
[5], [9] (without Hermitian versions).
The theory considered here is non-Abelian and even if there are some formulations similar
to those from Ref. [9] one should remember that the theory described in Ref. [9] is an Abelian
theory with U(1) group. The difference is profound not only because a higher level of mathematical
calculations but also because of completely new features which appear in a non-Abelian theory.
If we can use similar formulations as in Ref. [9] it means that a geometrical language is correct
to describe a physical reality.
It is possible to extend the Nonsymmetric (non-Abelian) Kaluza–Klein Theory to the case of a
spontaneous symmetry breaking and Higgs’ mechanism (see Ref. [1]) by a nontrivial combination
of Kaluza principle (Kaluza miracle) with dimensional reduction procedure. This consists in an
extension of a base manifold of a principal fiber bundle from E (a space-time) to V = E ×M ,
where M = G/G0 is a manifold of classical vacuum states.
In this paper we consider a condition for a color confinement in the theory. We solve the con-
straints in the case of non-Abelian Nonsymmetric Kaluza–Klein Theory getting an exact form of
an induction tensor for Yang–Mills’ fields in the theory. We find a formula for a non-Abelian charge
in the theory in comparison to 4-momentum in gravitation theory. We derive the Lagrangian for
Yang–Mills’ field and an energy-momentum tensor in terms of Haµν only. We consider also Non-
symmetric Kaluza–Klein Theory with Higgs’ fields and spontaneous symmetry breaking. We solve
constraints in the theory getting Lagrangian for Yang–Mills’ field, kinetic energy Lagrangian for a
Higgs field and Higgs potential in terms of gauge fields and Higgs fields only. We derive pattern of
masses for a massive intermediate bosons and Higgs’ particles. We derive also a generalization of
Kerner–Wong–Kopczyński equation for a test particle. In such an equation there is a new charge
for a test particle which couples a Higgs’ field to the particle. This is similar to a Lorentz force
term in an electromagnetic case. This term is also similar to a new term coupled a Yang–Mills’
field to a test particle via a color (isotopic) charge in ordinary Kerner–Wong–Kopczyński equation
(see Ref. [3]).
The Nonsymmetric Kaluza–Klein Theory is an example of the geometrization of fundamental
interaction (described by Yang–Mills’ and Higgs’ fields) and gravitation according to the Einstein
program for geometrization of gravitational and electromagnetic interactions. It means an exam-
ple to create a Unified Field Theory. In the Einstein program we have to do with electromagnetism
and gravity only. Now we have to do with more degrees of freedom, unknown in Einstein times,
i.e. GSW (Glashow–Salam–Weinberg) model, QCD, Higgs’ fields, GUT (Grand Unified Theories).
Moreover, the program seems to be the same.
We can paraphrase the definition from Ref. [10]: Unified Field Theory: any theory which
attemps to express gravitational theory and fundamental interactions theories within a single uni-
fied framework. Usually an attempt to generalize Einstein’s general theory of relativity alone to
a theory of gravity and classical theories describing fundamental interactions. In our case this
single unified framework is a multidimensional analogue of geometry from Einstein Unified Field
Theory (treated as generalized gravity) defined on principal fiber bundles with base manifolds: E
or E×V and structural groups G or H. Thus the definition from an old dictionary (paraphrased
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by us) is still valid.
Summing up, Nonsymmetric Kaluza–Klein Theory connects old ideas of unitary field theo-
ries (unified field theories, see Refs [11, 12] for a review) with modern applications. This is a
geometrization and unification of a bosonic part of four fundamental interactions.
The paper has been divided into four sections. In the first section we give some elements of
geometry used in the paper. In the second section we give some elements of the Nonsymmetric
(non-Abelian) Kaluza–Klein Theory in some new setting. We give also a condition for the di-
electric confinement of a color charge. We consider in details a non-Abelian charge, color charge
in static situations. We consider two versions of the Nonsymmetric Kaluza–Klein Theory: 1. the
real version and 2. the Hermitian version (complex and hypercomplex). We shortly present the
second version. In the third section we give some elements of Nonsymmetric Kaluza–Klein Theory
with spontaneous symmetry breaking and Higgs’ mechanism. In this section we consider also two
versions of the Nonsymmetric Kaluza–Klein Theory (real and Hermitian, complex and hypercom-
plex). We derive a pattern of masses for broken intermediate bosons and Higgs’ bosons. We write
down a generalization of Kerner–Wong–Kopczyński equation in this case, getting a coupling of
Higgs’ field to a test particle. In other words, we derive an analogue of a Lorentz force term for
a Higgs’ field.
In the fourth section a bosonic part of GSW (Glashow–Salam–Weinberg) model, according
to Manton (6-dimensional model) has been extended to the Nonsymmetric Kaluza–Klein Theory.
We get a realistic pattern of masses of W±, Z0 and Higgs’ boson. In particular, we get a mass of
a Higgs boson agreed with an experiment, which is impossible in a pure Manton model. We have
as before the G2 exceptional group as a unification group with a bare Weinberg angle θW = 30
◦
(sin2 θW = 0.25). We apply here the Hermitian version of the Nonsymmetric Kaluza–Klein
Theory, i.e. Nonsymmetric Hermitian Kaluza–Klein Theory. In the simplest case with ξ = 0 and
gµν = ηµν (in Minkowski space) we calculate a small deviation δ of a bare Weinberg angle (equal
to π6 ) as a 1-loop and 2-loop corrections using a ∆r (or ∆R) theory known in literature. In
Appendix A we give some details of calculations concerning solutions of constraints in the theory.
In Appendix B we give some elements of Manton model in a connection to our approach. In
Appendix C we consider the Kerner–Wong–Kopczyński equation in GSW model. We derive some
explicit influence of new charges coupled to Higgs’ field (from the SM model) on a movement of a
test particle. The existence of those new charges and their influence on a test particle movement
can be tested in experiment. In Appendix D we give formulas for interactions between gravity
and Higgs’ field and Yang–Mills’ fields in Hermitian Kaluza–Klein Theory in an application to
bosonic part of GSW model. These are “interference effects” between nonsymmetric gravity and
GSW model in a unified theory. They can be considered as effects of unification. In Appendix E
we calculate a correction δ to a Weinberg angle (equal to π6 ) as radiation corrections to a bare
angle using ∆r theory.
In Conclusions we give some prospects for further research, in particular, how to treat fermions
in the Nonsymmetric Kaluza–Klein Theory with a spontaneous symmetry breaking and we give
a sketch of a program of quantization of the Nonsymmetric Kaluza–Klein Theory.
Summing up, the paper contains many novel features (without repetition of heavy calculations
from Refs [1]–[5], [9]:
1. Hermitian versions (complex and hypercomplex) in the case of U(1) and a general non-
Abelian semisimple group G also in the case with spontaneous symmetry breaking and
Higgs’ mechanism.
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2. Solutions of constraints appearing in the theory (also in all considered versions).
3. Detailed calculations of a classical dielectric model of confinement of color (a non-Abelian
gauge charge).
4. Spectrum of masses for broken gauge bosons and scalar (Higgs’) particles in a general case.
5. An application to bosonic part of GSW model, where we get masses for W±, Z0 and Higgs’
boson agreed with experiment. In the last case this is possible only for an Hermitian complex
version on S2 and invokes some new research connecting the theory to Kählerian structures.
6. A Kerner–Wong–Kopczyński equation in GSW model with some additional charges coupled
a test particle in a motion to Higgs’ field (this one from the Standard Model).
7. Additional (non-classical) interaction of a Higgs’ field (from the Standard Model) with
gravity (described by NGT) and also additional Higgs’ phenomena in SM.
8. A possibility to tune a cosmological constant to the value obtained from observational data.
For we have not any traces of GUT or supersymmetry from LHC results we do not consider
extensions of our Kaluza–Klein Theory in these directions. Thus we stop (temporarily) on 20-
dimensional unification of electro-weak interactions (a bosonic part) and nonsymmetric gravity
(NGT) and on 12-dimensional unifications of strong interactions (a bosonic part of QCD) with
nonsymmetric gravity (NGT). The inclusion of fermions is under consideration and the work is
in progress together with an approach to quantization.
From technical point of view we get also some additional results:
9. An exact formula (a covariant one) for Laµν and L
aµν (an induction tensor).
10. A Lagrangian for a Yang–Mills’s field in terms of Haµν and gµν only.
11. An exact formula (a covariant one) for a torsion in higher dimension Qaµν(Γ ) with an
interpretation as a polarization of gauge field induced by gµν and ℓab.
12. In the case of spontaneous symmetry breaking and Higgs’ mechanism, i.e. for a Kaluza–Klein
Theory with a dimensional reduction we get analogous formulas for Lan˜b˜, L
a
µb˜ in terms of a
Higgs’ field Φaa˜ and a covariant derivative
gauge
∇µ Φaa˜ of the field. Those formulas are covariant.
We get also similar interpretations of exact formulas for torsion in higher dimensions.
Let us notice that we consider geodetic equations with respect to Levi-Civita connection
generated by a symmetric part of any nonsymmetric tensor on P as equations of motion from a
variational principle.
1 Elements of geometry
Let us now describe the notation and definitions of geometric quantities used in the paper. We
use a smooth principal bundle which is an ordered sequence
P = (P,F,G,E, π), (1.1)
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where P is a total bundle manifold, F is typical fibre, G, a Lie group, is a structural group, E is
a base manifold and π is a projection. In our case G = U(1), E is a space-time, π : P → E.
We have a map ϕ : P × G → P defining an action of G on P . Let a, b ∈ G and ε be a unit
element of the group G, then ϕ(a) ◦ ϕ(b) = ϕ(ba), ϕ(ε) = id, where ϕ(a)p = ϕ(p, a). Moreover,
π ◦ ϕ(a) = π. For any open set U ⊂ E we have a local trivialization U ×G ≃ π−1(U). For any
x ∈ E, π−1({x}) = Fx ≃ G, Fx is a fibre over x and is equal to F . In our case we suppose G = F ,
i.e. a Lie group G is a typical fibre. ω is a 1-form of connection on P with values in the algebra
of G, G. Let ϕ′(a) be a tangent map to ϕ(a) whereas ϕ∗(a) is the contragradient to ϕ′(a) at a
point a. The form ω is a form of ad-type, i.e.
ϕ∗(a)ω = ad′a−1 ω, (1.2)
where ad′a−1 is a tangent map to the internal automorphism of the group G
ada(b) = aba
−1. (1.3)
We may introduce the distribution (field) of linear elements Hr, r ∈ P , where Hr ⊂ Tr(P ) is a
subspace of the space tangent to P at a point r and
v ∈ Hr ⇐⇒ ωr(v) = 0. (1.4)
So
Tr(P ) = Vr ⊕Hr, (1.5)
where Hr is called a subspace of horizontal vectors and Vr of vertical vectors. For vertical vectors
v ∈ Vr we have π′(v) = 0. This means that v is tangent to the fibres.
Let
v = hor(v) + ver(v), hor(v) ∈ H, ver(v) ∈ Vr. (1.6)
It is proved that the distribution Hr is equal to choosing a connection ω. We use the operation
hor for forms, i.e.
(horβ)(X,Y ) = β(horX,hor Y ), (1.7)
where X,Y ∈ T (P ).
The 2-form of a curvature is defined as follows
Ω = hor dω = Dω, (1.8)
where D means an exterior covariant derivative with respect to ω. This form is also of ad-type.
For Ω the structural Cartant equation is valid
Ω = dω + 12 [ω, ω], (1.9)
where
[ω, ω](X,Y ) = [ω(X), ω(Y )]. (1.10)
Bianchi’s identity for ω is as follows
DΩ = hor dΩ = 0. (1.11)
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The map f : E ⊃ U → P such that f ◦ π = id is called a section (U is an open set).
From physical point of view it means choosing a gauge. A covariant derivative on P is defined
as follows
DΨ = hor dΨ. (1.12)
This derivative is called a gauge derivative. Ψ can be a spinor field on P .
In this paper we use also a linear connection on manifolds E and P , using the formalism of
differential forms. So the basic quantity is a one-form of the connection ωAB . The 2-form of
curvature is as follows
ΩAB = dω
A
B + ω
A
C ∧ ωCB (1.13)
and the two-form of torsion is
ΘA = DθA, (1.14)
where θA are basic forms and D means exterior covariant derivative with respect to connection
ωAB . The following relations are established connections with generally met symbols
ωAB = Γ
A
BCθ
C
ΘA = 12Q
A
BCθ
B ∧ θC
QABC = Γ
A
BC − ΓACB
ΩAB =
1
2R
A
BCDθ
C ∧ θD,
(1.15)
where ΓABC are coefficients of connection (they do not have to be symmetr in indices B and C),
RABCD is a tensor of a curvature, Q
A
BC is a tensor of a torsion in a holonomic frame. Covariant
exterior derivation with respect to ωAB is given by the formula
DΞA = dΞA + ωAC ∧ ΞC
DΣAB = dΣ
A
B + ω
A
C ∧ΣCB − ωCB ∧ΣAC .
(1.16)
The forms of a curvature ΩAB and torsion Θ
A obey Bianchi’s identities
DΩAB = 0
DΘA = ΩAB ∧ θB.
(1.17)
All quantities introduced here can be found in Ref. [13].
In this paper we use a formalism of a fibre bundle over a space-time E with an electromagnetic
connection α and traditional formalism of differential geometry for linear connections on E and P .
In order to simplify the notation we do not use fibre bundle formalism of frames over E and P .
A vocabulary connected geometrical quantities and gauge fields (Yang–Mills fields) can be found
in Ref. [14].
In Ref. [15] we have also a similar vocabulary (see Table I, Translation of terminology). More-
over, we consider a little different terminology. First of all we distinguished between a gauge
potential and a connection on a fibre bundle. In our terminology a gauge potential Aµθ
µ is in a
particular gauge e (a section of a bundle), i.e.
Aµθ
µ = e∗ω (1.18)
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where Aµθ
µ is a 1-form defined on E with values in a Lie algebra G of G. In the case of a strength
of a gauge field we have similarly
1
2Fµνθ
µ ∧ θν = e∗Ω (1.19)
where Fµνθ
µ ∧ θν is a 2-form defined on E with values in a Lie algebra G of G.
Using generators of a Lie algebra G of G we get
A = Aaµθ
µXa = e
∗ω and F = 12F
a
µνθ
µ ∧ θνXa = e∗Ω (1.20)
where
[Xa,Xb] = C
c
abXc, a, b, c = 1, 2, . . . , n, n = dimG(= dimG), (1.21)
are generators of G, Ccab are structure constants of a Lie algebra of G, G, [·, ·] is a commutator
of Lie algebra elements.
In this paper we are using Latin lower case letters for 3-dimensional space indices. Here we are
using Latin lower case letters as Lie algebra indices. It does not result in any misunderstanding.
F aµν = ∂µA
a
ν − ∂νAaµ +CabcAbµAcν . (1.22)
In the case of an electromagnetic connection α the field strength F does not depend on gauge
(i.e. on a section of a bundle).
Finally it is convenient to connect our approach using gauge potentials Aaµ with usually met
(see Ref. [16]) matrix valued gauge quantities Aµ and Fµν . It is easy to see how to do it if we
consider Lie algebra generators Xa as matrices. Usually one supposes that Xa are matrices of an
adjoint representation of a Lie algebra G, T a with a normalization condition
Tr({T a, T b}) = 2δab, (1.23)
where {·, ·} means anticommutator in an adjoint representation.
In this way
Aµ = A
a
µT
a, (1.24)
Fµν = F
a
µνT
a. (1.25)
One can easily see that if we take
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] (1.26)
from Ref. [16] we get
Fµν = (F
a
µν)T
a, (1.27)
where F aµν is given by (1.22). From the other side if we take a section f , f : U → P , U ⊂ E,
and corresponding to it
A = Aaµθ
µXa = f
∗ω (1.28)
F = 12F
a
µνθ
µ ∧ θνXa = f∗Ω (1.29)
and consider both sections e and f we get transformation from Aaµ to A
a
µ and from F
a
µν to F
a
µν
in the following way. For every x ∈ U ⊂ E there is an element g(x) ∈ G such that
f(x) = e(x)g(x) = ϕ(e(x), g(x)). (1.30)
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Due to (1.2) one gets
A(x) = ad′g−1(x)A(x) + g
−1(x) dg(x) (1.31)
F (x) = ad′g−1(x) F (x) (1.32)
where A(x), F (x) are defined by (1.28)–(1.29) and A(x), F (x) by (1.20). The formulae (1.31)–
(1.32) give a geometrical meaning of a gauge transformation (see Ref. [14]). In an electromagnetic
case G = U(1) we have similarly, if we change a local section from e to f we get
f(x) = ϕ(e(x), exp(iχ(x))) (f : U ⊃ E → P )
and A = A+ dχ.
Moreover, in the traditional approach (see Ref. [16]) one gets
Aµ(x) = U(x)
−1Aµ(x)U(x) + U−1(x)∂µU(x) (1.33)
Fµν(x) = U
−1(x)FµνU(x), (1.34)
where U(x) is the matrix of an adjoint representation of a Lie group G.
For an action of a groupG on P is via (1.2), g(x) is exactly a matrix of an adjoint representation
of G. In this way (1.31)–(1.32) and (1.33)–(1.34) are equivalent.
Let us notice that usually a Lagrangian of a gauge field (Yang–Mills field) is written as
LYM ∼ Tr(FµνFµν) (1.35)
where Fµν is given by (1.25)–(1.26). It is easy to see that one gets
LYM ∼ habF aµνF bµν (1.36)
where
hab = C
d
acC
c
bd (1.37)
is a Cartan–Killing tensor for a Lie algebra G, if we remember that Xa in adjoint representation
are given by structure constants Ccab.
Moreover, in Refs [1, 3] we use the notation
Ω = 12H
a
µνθ
µ ∧ θνXa. (1.38)
In this language
LYM = 18πhabHaµνHbµν . (1.39)
It is easy to see that
e∗(Haµνθµ ∧ θνXa) = F aµνθµ ∧ θνXa. (1.40)
Thus (1.39) is equivalent to (1.36) and to (1.35). (1.35) is invariant to a change of a gauge. (1.39)
is invariant with respect to the action of a group G on P .
Let us notice that habF
a
µνF
bµν = habH
a
µνH
b
µν , even H
a
µν is defined on P and F
a
µν on E. In
the non-Abelian case it is more natural to use Haµν in place of F
a
µν .
Eventually we connect the general fibre bundle formalism and Cartan calculus with a formalism
of linear connections on E, P and E ×G/G0.
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LetM be anm-dimensional pseudo-Riemannian manifold with metric g of arbitrary signature.
Let T (M) be a tangent bundle and O(M,g) the principal fiber bundle of frames (orthogonal
frames) over M . The structure group O(M,g) is a group GL(m,R) or the subgroup of GL(m,R)
O(m−p, p) which leaves the metric invariant. Let Π be the projection of O(M,g) ontoM . Let X
be a tangent vector at x in O(M,g). The canonical or soldering form θ˜ is an Rm-valued form on
O(M,g) whose A-th component θ˜A at x of X is the A-th component of Π ′(X) in the frame x. The
connection form ω˜ = ωABX
B
A is a 1-form on O(M,g) which takes its values in the Lie algebra
gl(m,R) of Gl(m,R) or in o(m− p, p) of O(m− p, p) and satisfies the structure equation
dω˜ +
1
2
[ω˜, ω˜] = Ω˜ = H˜or dω˜ (1.41)
where H˜or is understood in the sense of ω˜ and Ω˜ = Ω˜ABX
A
B is a gl(m,R) (o(m − p, p))-valued
2-form of the curvature. XAB are generators of a Lie algebra gl(m,R) or o(m − p, p). We can
write Eq. (1.41) using R2m-valued forms and commutation relations of the Lie algebra gl(m,R)
(o(m,m− p))
Ω˜AB = dω˜
A
B + ω˜
A
C ∧ ω˜CB . (1.42)
Taking any local section of O(M,g), e, one can get the coefficients of the connection, curvature,
basic forms and torsion
e∗ω˜AB = ωAB
e∗(Ω˜AB) = Ω˜AB
e∗θ˜A = θA
e∗Θ˜A = ΘA.
(1.43)
The forms on the right-hand side of equations (1.43) are different in Eqs (1.13)–(1.14). We call
this formalism a linear (affine) metric, Riemannian–Levi-Civita, Einstein) connections on M .
In our theory it is necessary to consider at least four principal bundles: a principal fiber bun-
dle P over E with a structural group G (a gauge group), connection ω and a projection π, an
operator of a horizontality hor, a principal fiber bundle P ′ of frames over (E, g) with a connec-
tion ω˜αβX
β
α = ω
′, a structural group GL(4, R) (O(1, 3)), an operator of horizontality hor, and a
projection π, a principal fiber bundle P ′′ of frames over (P, γ) (a metrized fiber bundle P ) with
a structural group GL(n + 4, R) (O(n + 3, 1)), a connection ω˜ABX
B
A = ω˜ and with an operator
of horizontality hor′, a projection π′ and a principal fiber bundle of frames over G with a pro-
jection Π ′′, operator of horizontality (hor)′′, a connection ω̂ and a structural group Gl(n,R). In
the case with a spontaneous symmetry breaking we need even more principal bundles of frames,
i.e. a principal bundle of frames over E ×G/G0 with additional connection ω, a projection Π, an
operator of horizontality hor. In more complicated situation we can also consider a bundle over
G/G0 with structural group GL(n1, R). Moreover, in order to simplify considerations, we use the
formalism of linear connection coefficients on manifold (E, g), (P, γ), and a principal fiber bundle
formalism for P , i.e. a principal fiber bundle over E with a structural group G, a gauge group.
In the case with a spontaneous symmetry breaking we have also an additional fiber bundle with
a structural group H over E ×G/G0. I believe this is a way to make the formalism more natural
and readable. We use tensor formalism with many kinds of indices which make some formulas
very long. Moreover, they are more readable for a non-expert.
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2 Elements of the Nonsymmetric Kaluza–Klein Theory in gen-
eral non-Abelian case and dielectric model of a color confine-
ment
Let P be a principal fiber bundle over a space-time E with a structural group G which is a
semisimple Lie group. On a space-time E we define a nonsymmetric tensor gµν = g(µν) + g[µν]
such that
g = det(gµν) 6= 0
g˜ = det(g(µν)) 6= 0.
(2.1)
g[µν] is called as usual a skewon field (e.g. in NGT, see Refs [6, 9]). We define on E a nonsymmetric
connection compatible with gµν such that
Dgαβ = gαδQ
δ
βγ(Γ )θ
γ (2.2)
where D is an exterior covariant derivative for a connection ωαβ = Γ
α
βγθ
γ and Qαβδ is its torsion.
We suppose also
Qαβα(Γ ) = 0. (2.3)
We introduce on E a second connection
Wαβ =W
α
βγθ
γ (2.4)
such that
Wαβ = ω
α
β − 23 δαβW (2.5)
W =W γθ
γ = 12(W
σ
γσ −W σσγ)θγ . (2.6)
Now we turn to nonsymmetric metrization of a bundle P . We define a nonsymmetric tensor
γ on a bundle manifold P such that
γ = π∗g ⊕ ℓabθα ⊗ θb (2.7)
where π is a projection from P to E. On P we define a connection ω (a 1-form with values in a Lie
algebra g of G). In this way we can introduce on P (a bundle manifold) a frame θA = (π∗(θα), θa)
such that
θa = λωa, ω = ωaXa, a = 5, 6, . . . , n+ 4, n = dimG = dim g, λ = const.
Thus our nonsymmetric tensor looks like
γ = γABθ
A ⊗ θB, A,B = 1, 2, . . . , n+ 4, (2.8)
ℓab = hab + µkab, (2.9)
where hab is a biinvariant Killing–Cartan tensor on G and kab is a right-invariant skew-symmetric
tensor on G, µ = const.
We have
hab = C
c
adC
d
bc = hab
kab = −kba
(2.10)
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Thus we can write
γ(X,Y ) = g(π′X,π′Y ) + λ2h(ω(X), ω(Y )) (2.11)
γ(X,Y ) = g(π′X,π′Y ) + λ2k(ω(X), ω(Y )) (2.12)
(Cabc are structural constants of the Lie algebra g).
γ is the symmetric part of γ and γ is the antisymmetric part of γ. We have as usual
[Xa,Xb] = C
c
abXc (2.13)
and
Ω =
1
2
Haµνθ
µ ∧ θν (2.14)
is a curvature of the connection ω,
Ω = dω +
1
2
[ω, ω]. (2.15)
The frame θA on P is partially nonholonomic. We have
dθa =
λ
2
(
Haµνθ
µ ∧ θν − 1
λ2
Cabcθ
b ∧ θc
)
6= 0 (2.16)
even if the bundle P is trivial, i.e. for Ω = 0. This is different than in an electromagnetic case
(see Ref. [3]). Our nonsymmetric metrization of a principal fiber bundle gives us a right-invariant
structure on P with respect to an action of a group G on P (see Ref. [3] for more details). Having
P nonsymmetrically metrized one defines two connections on P right-invariant with respect to an
action of a group G on P . We have
γAB =
(
gαβ 0
0 ℓab
)
(2.17)
in our left horizontal frame θA.
DγAB = γADQ
D
BC(Γ )θ
C (2.18)
QDBD(Γ ) = 0 (2.19)
where D is an exterior covariant derivative with respect to a connection ωAB = Γ
A
BCθ
C on P
and QABC(Γ ) its torsion. One can solve Eqs (2.18)–(2.19) getting the following results
ωAB =
(
π∗(ωαβ)− ℓdbgµαLdµβθb Laβγθγ
ℓbdg
αβ(2Hdγβ − Ldγβ)θγ ω˜ab
)
(2.20)
where gµα is an inverse tensor of gαβ
gαβg
γβ = gβαg
βγ = δγα, (2.21)
Ldγβ = −Laβγ is an Ad-type tensor on P such that
ℓdcgµβg
γµLdγα + ℓcdgαµg
µγLdβγ = 2ℓcdgαµg
µγHdβγ , (2.22)
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ω˜ab = Γ˜
a
bcθ
c is a connection on an internal space (typical fiber) compatible with a metric ℓab such
that
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac (2.23)
Γ˜ aba = 0, Γ˜
a
bc = −Γ˜ acb (2.24)
and of course Q˜aba(Γ˜ ) = 0 where Q˜
a
bc(Γ ) is a torsion of the connection ω˜
a
b.
We also introduce an inverse tensor of g(αβ)
g(αβ)g˜
(αγ) = δγβ . (2.25)
We introduce a second connection on P defined as
WAB = ω
A
B − 4
3(n + 2)
δABW. (2.26)
W is a horizontal one form
W = horW (2.27)
W =W νθ
ν = 12(W
σ
νσ −W σσν). (2.28)
In this way we define on P all analogues of four-dimensional quantities from NGT (see Refs
[6, 17, 18, 19]). It means, (n+4)-dimensional analogues from Moffat theory of gravitation, i.e. two
connections and a nonsymmetric metric γAB. Those quantities are right-invariant with respect to
an action of a group G on P . One can calculate a scalar curvature of a connection WAB getting
the following result (see Refs [1, 3]):
R(W ) = R(W )− λ
2
4
(
2ℓcdH
cHd − ℓcdLcµνHdµν
)
+ R˜(Γ˜ ) (2.29)
where
R(W ) = γAB
(
RCABC(W ) +
1
2 R
C
CAB(W )
)
(2.30)
is a Moffat–Ricci curvature scalar for the connection WAB, R(W ) is a Moffat–Ricci curvature
scalar for the connectionWαβ, and R˜(Γ˜ ) is a Moffat–Ricci curvature scalar for the connection ω˜
a
b,
Ha = g[µν]Haµν (2.31)
Laµν = gαµgβνLaαβ. (2.32)
Usually in ordinary (symmetric) Kaluza–Klein Theory one has λ = 2
√
GN
c2 , where GN is a New-
tonian gravitational constant and c is the speed of light. In our system of units GN = c = 1 and
λ = 2. This is the same as in Nonsymmetric Kaluza–Klein Theory in an electromagnetiic case
(see Refs [4, 9]). In the non-Abelian Kaluza–Klein Theory which unifies GR and Yang–Mills field
theory we have a Yang–Mills lagrangian and a cosmological term. Here we have
LYM = − 1
8π
ℓcd
(
2HcHd − LcµνHdµν
)
(2.33)
and R˜(Γ˜ ) plays a role of a cosmological term.
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It is easy to see that LYM is invariant with respect to an action of a group G on P (it is gauge
invariant). R˜(Γ˜ ) is also gauge invariant.
Lcµν plays a role of an induction tensor of Yang–Mills field (a gauge field).
According to Refs [1, 3] we have
Qaµν(Γ ) = 2(H
a
µν − Laµν) (2.34)
where QABC(Γ ) is a torsion of a connection Γ . Writing L
a
µν in the form
Laµν = H
a
µν − 4πMaµν (2.35)
we get
Qaµν(Γ ) = 8πM
a
µν . (2.36)
One can solve Eq. (2.22) getting the result (see Appendix A):
Lnωµ = H
n
ωµ + µh
nakadH
d
ωµ +
(
Hnαω g˜
(αδ)g[δµ] −Hnαµg˜(αδ)g[δω]
)
− 2µhnakadg˜(δτ)g˜(αβ)Hdδαg[τω]g[βµ] − 2µhnakadg˜(δβ)g˜(ατ)Hdβ[ωgµ]τg[δα]
+ 2µ2hnahbckackbdg˜
(αβ)Hdα[ωg[µ]β]. (2.37)
In this way we get that
Laωµ = −Laµω (2.38)
and simultaneously Qaµν(Γ ) has a physical interpretation as a polarization tensor of Yang–Mills
theory (a difference between an induction tensor and a gauge field strength). Moreover, it seems
from Eq. (2.33) that Laµν plays the role of an induction tensor. Thus one can get
LYM = 1
8π
(
hnkH
kωµHnωµ − 2hcdHcHd + 2hnkHkωµHnδωg[αµ]g˜(αδ)
+ µ
[
2knkH
kωµHnδω g˜
(δα)g[αµ] − 2kkdHkωµHdδαg˜(δβ)g˜(αρ)g[βω]g[ρµ]
− kkdHkωµHdηω g˜(ηβ)g˜(αρ)g[µα]g[βρ] + kkdHkωµHdηω g˜(ηδ) g˜(αρ)g[δβ]g[ωδ]
]
+ µ2
[
knkk
n
dH
kωµHdηµg˜
(ρβ)g˜(ηα)g[ωβ]g[αρ] − 2knkkndHkωµHdδαg˜(δη) g˜(αρ)g[ηω]g[ρµ]
− knkkndHkωµHdηω g˜(ρα)g˜(ηβ)g[µα]g[βρ] + kkbkbdHkωµHdαω g˜(αβ)g[µα]
− kkbkbdHkωµHdαµg˜(αβ)g[ωβ] + kpnkpkHkωµHnωµ
]
+ µ3
[
knkk
nbkbdH
kωµHdαω g˜
(αβ)g[µβ] − knkknbkbdHkωµHdαµg˜(αβ)g[ωβ]
])
. (2.39)
Eq. (2.39) is written in term of Haµν only. Moreover, the form LYM, i.e. Eq. (2.33), is more
convenient for theoretical considerations. One can say the same for Laµν . One gets
Qnωµ(Γ ) = 2
(
−µhnakadHdωµ −
(
Hnαω g˜
(αδ)g[δµ] −Hnαµg˜(αδ)g[δω]
)
+ 2µhnakadg˜
(δτ)g˜(αβ)Hdδαg[τω]g[βµ] + 2µh
nakadg˜
(δβ)g˜(ατ)Hdβ[ωgµ]τg[δα]
− 2µ2hnahbckackbdg˜(αβ)Hdα[ωg|µ|β]
)
(2.34*)
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Let us introduce the following notation:
Haµν =

0 −Ba3 Ba2 −Ea1
Ba3 0 −Ba1 −Ea2
−Ba2 Ba1 0 −Ea3
Ea1 E
a
2 E
a
3 0
 (2.40)
Laµν =

0 −H3a H2a −D1a
H3a 0 −H1a −D2a
−H2a H1a 0 −D3a
D1a D2a D3a 0
 . (2.41)
In this way we write Haµν in terms of
−→
E α = (Eaa¯) = (E
a
1 , E
a
2 , E
a
3 ), a¯ = 1, 2, 3, and
−→
B a = (Baa¯) =
(Ba1 , B
a
2 , B
a
3 ), L
aµ in terms of
−→
Da = (Da¯a) = (D1a,D2a,D3a) and
−→
H a = (H a¯a) = (H1a,H2a,H3a).
In this way
Eaa¯ = H
a
4a D
a¯a = La4a,
−→
B a = −(Ha23,Ha31,Ha12)
−→
H a = −(La23, La31, La12)
(2.42)
or
Baa¯ = −12 εa¯b¯c¯Hab¯c¯ Hac¯m¯ = −εc¯m¯e¯Bae¯ (2.43)
H a¯a = −12 εa¯b¯c¯Lab¯c¯, Lac¯m¯ = −εc¯m¯e¯H e¯a (2.44)
where εa¯b¯c¯, a¯, b¯, c¯ = 1, 2, 3, is a usual 3-dimensional antisymmetric symbol, ε123 = 1 and it is
unimportant for it if its indices are in up or down position. We keep these indices in up or down
position only for convenience.
One gets
Dne¯ = Bnf
d¯e¯Bfd¯ +A
n
f
v¯e¯Efv¯ (2.45)
where
Bnd
p¯e¯ = εm¯z¯
p¯
(
gz¯4gm¯e¯δnd + µk
n
dg
z¯4gm¯e¯ + gµe¯g[δµ]g
z¯4g˜(m¯δ)δnd − gω4g[δµ]gm¯e¯g˜(z¯4)δnd
+ µkndg
µe¯g˜(ατ)g[µτ ]g[δα]g
z¯4g˜(δm¯) + µkndg
ω4g˜(ατ)g[µτ ]g[δα]g
m¯e¯g˜(δz¯) − µ2knckcdgµτg[µβ]gz¯4g˜(mβ)
− µ2knckcdgω4g[ωβ]gm¯e¯g˜(z¯β) − 2µkndgω4gµτ g[τω]g[βµ]g˜(z¯τ)g˜(m¯β)
)
, (2.46)
And
m¯e¯ = g44gm¯e¯δnd − µkndgm¯4g4e¯ + µkndg44gm¯e¯ + gµe¯g[δµ]g˜(4δ)gm¯4δnd − gµe¯g[δµ]g44g˜(m¯δ)δnd
− gω4g[δω]g˜(4δ)g˜m¯e¯δnd + gω4g[δω]g4e¯g˜(m¯δ)δnd − µkndgµe¯g˜(ατ)g[µτ ]g[δα]gm¯e¯g˜(δµ)
+ µkndg
µδ g˜(ατ)g[µτ ]g[δα]g
44g˜(δm¯) + µkndg
ω4g˜(ατ)g[µτ ]g[δα]g
m¯e¯g˜(δµ)
− µkndgω4g˜(ατ)g[µτ ]g[δα]g4e¯g˜(δm¯) − µ2knckcdgµe¯g[µβ]gm¯4g˜(β4) − µ2knckcdgµe¯g[µβ]g44g˜(m¯β)
− µ2knckcdg[ωβ]gm¯e¯g˜(4β)g˜(4ω) + µ2knckcdgω4g[ωβ]g4e¯g˜(m¯β)
+ 2µkndg
ω4gµe¯g[τω]g[βµ]g˜
(m¯τ)g˜(4β) + 2µkndg
ω4gµe¯g[τω]g[βµ]g˜
(4τ)g˜(m¯β) − δndgm¯4g4e¯, (2.47)
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Hnd = Cnf
d¯p¯Bfp¯ +D
n
f
dv¯Efv¯, (2.48)
where
Cnd
p¯f¯ =
1
2
εp¯e¯k¯εw¯m¯
f¯
(
gw¯k¯gm¯e¯δnd + µk
n
dg
w¯k¯gm¯e¯ − gw¯k¯gµe¯g[δµ]g˜(m¯δ)δnd
+ µkndg
w¯k¯gµe¯g[δµ]g˜
(m¯δ)δnd − gωk¯g[δω]gm¯e¯g˜(w¯δ)δnd
− 2µkndgωk¯gµe¯g[τω]g[βµ]g˜(w¯β)g˜(m¯τ) + µkndgωk¯ g˜(ατ)g[ωτ ]g[βµ]gm¯e¯g˜(w¯β)
)
, (2.49)
Dnd
p¯m¯ =
1
2
εp¯e¯k¯
(
g4k¯gm¯e¯δnd − gm¯k¯g4e¯δnd − µkndgm¯k¯g4e¯ + µkndge¯k¯g4k¯ + gm¯k¯gµe¯g[δµ]g˜(4δ)δnd
− g4k¯gµe¯g˜(m¯δ)g[δµ]δnd − gωk¯g[δω]gm¯e¯g˜(4δ)δnd + 2µkndgωk¯gµe¯g[τω]g[βµ]g˜(m¯β)g˜(4τ)
− 2µkndgωk¯gµe¯g[τω]g[βµ]g˜(4β)g˜(m¯τ) + µkndgµe¯g[δα]g[µτ ]g˜(ατ)g4k¯ g˜(δm¯)
− µkndgµe¯g[δα]g[µτ ]g˜(ατ)gm¯k¯g˜(4δ) + µkndgωk¯ g˜(ατ)g[ωτ ]g[δα]gm¯e¯g˜(4δ) + µ2knckcdgµe¯g[µβ]gm¯k¯g˜(4β)
− µ2knckcdgµe¯g[µβ]g4k¯ g˜(m¯β) − µ2knckcdgωk¯g[ωβ]gm¯e¯g˜(4β) + µ2knckcdgωk¯g[ωβ]g4e¯g˜(m¯β).
)
(2.50)
The confinement condition in this theory means
Da¯a = 0 (2.51)
with Ea¯a 6= 0 and can be satisfied by special arrangement of the nonsymmetric tensor gµν . This
generalizes a notion of a charge confinement from Ref. [9] and can be considered as a color
confinement in the case of G = SU(3)c (QCD).
In this case gravitation behaves as a medium which generalizes a notion of bianisotropic
medium in electromagnetic theory to non-Abelian Yang–Mills field. This is a dielectric model of
confinement.
It is easy to see that if g[µν] = kab = 0 we get
Laµν = H
a
µν .
We have identities concerning Haµν and L
a
µν coming from Eq. (2.22):
g[µν]Laµν = h
acℓcpH
p
µνg
[µν] (2.52)
ℓdcg
σνgαµLdσαH
c
µν + ℓcdg
µσgνβLdβσH
c
µν = 2ℓcdg
µσgνβHdβσH
c
µν (2.53)
ℓdcg
αωgβµLdαβL
c
ωµ = ℓcdg
αωgβµLdαβL
c
ωµ. (2.54)
The problem of a confinement emerged in QCD on a quantum level. Moreover, up to now
we have not any realistic explanation of this problem. QCD is a quantum field theory obtained
via quantization procedure from classical Yang–Mills’ field theory in a perturbative regime. The
confinement is a strictly non-perturbative effect. The natural way to solve the problem is to pose
it on a classical level and afterwards to quantize the new theory (classical) using non-perturbative
methods to get a quantum model of the confinement. The theory is of course highly nonlinear.
Nonperturbative quantization of nonlinear theories including gravity can be achieved by using
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canonical quantization as in GR (Ashtekar–Lewandowski approach) or using nonlocal approach
(as we shortly described in Conclusions). Even strings models need quantization.
There is no dielectric classical model of confinement in a symmetric theory, i.e. with g[µν] = 0,
zero skewon field.
Let us give some remarks on a confinement. According to modern ideas (see [20], [21], [22],
[23]) the confinement of color could be connected to dielectricity of the vacuum (dielectric model
of confinement). Due to the so-called antiscreening mechanism, the effective dielectric constant
is equal to zero. This means that the energy of an isolated charge goes to infinity. There are
also so-called classical-dielectric models of confinement (see Refs [24], [25]). The confinement is
induced by a special kind of dielectricity of the vacuum, such that
−→
E 6= 0 and −→D = 0 (−→E a 6= 0,−→
Da = 0). In this case we do not have a distribution of a charge. This is similar to the electric
type of Meissner effect.
It is easy to see that in our case (the Nonsymmetric Kaluza–Klein Theory) the dielectricity
is induced by the nonsymmetric tensors gµν and ℓab. If g[µν] = 0,
−→
D =
−→
E ,
−→
B =
−→
H (in an
electromagnetic case see Ref. [9]). The gravitational field described by the nonsymmetric tensor
gµν behaves as a medium for an electromagnetic field (or Yang–Mills’ field). In this way the
skewon field g[µν] plays a double role:
1) additional gravitational interaction from NGT,
2) a strong interaction field connected to the confinement problem.
In other words we can say that we get a confinement from higher dimensions due to a torsion in
higher dimensions.
In Refs [26], [27] one can find some ideas of nonlocal field theory with an application to
confinement problem which can be connected to dielectric model of confinement.
There is a body of works on classical models of confinement for Abelian and non-Abelian
gauge fields (see Refs [28], [29], [30]) which are not directly connected to our approach. Moreover,
it is worth to mention that an idea of a confinement in QCD for SU(3) group (see Ref. [31]) can
be applied for electrodynamics in order to get a confinement of plasma in thermonuclear fusion.
We do not confuse here the “confinement” problem in strong interactions (i.e. the fact that
quarks are permanently bound in hadrons and never manifest themselves as free particles, unlike
leptons) and the “confinement” problem in thermonuclear fusion. We turn only an attention
of a reader that some ideas from strong interaction “confinement” problem can be applied to a
thermonuclear fusion problem. Moreover, the ideas are really far away from our idea of dielectric
model of confinement (see Refs [28]–[31]).
An important problem is to find an exact solution with axial symmetry for the Nonsymmetric
Kaluza–Klein Theory with fermion sources for G = SU(3). This could offer us a model of a hadron
with a confinement condition (
−→
Da = 0,
−→
E a 6= 0). The axially symmetric, stationary case seems to
be very interesting from more general point of view. We have in General Relativity very peculiar
properties of stationary, axially symmetric solutions of the Einstein–Maxwell equations. These
solutions describe the gravitational and electromagnetic fields of a rotating charged mass. Thus
we get the magnetic field component. Asymptotically (these solutions are asymptotically flat) the
magnetic field behaves as a dipole field. We can calculate the gyromagnetic ratio at infinity, i.e.
the ratio of the magnetic dipole moment and the angular momentum moment. It is worth noticing
that we get the anomalous gyromagnetic ratio, i.e. the gyromagnetic ratio for an electron (for a
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charged Dirac particle). We cannot interpret the Kerr–Newman solution as a model of a fermion
for we have a singularity. In the Nonsymmetric Kaluza–Klein Theory we can expect completely
nonsingular solutions. We can also expect the asymptotic behavior of Einstein–Maxwell theory.
Thus it seems that we probably get the solutions with an anomalous gyromagnetic ratio. Such a
solution could be treated as a (classical) model of 12 -spin particle.
In a non-Abelian case (for G = SU(3)c ×U(1)em) the solution of field equations could offer us
a model of a charged barion (i.e. proton), where the skewon field g[µν] induces a confinement of
color. Such solutions should be considered also for a zero charge and without and with fermion
sources. Let us mention that fermion fields (quarks fields) are coupled to the Riemannian part (a
Levi-Civita connection induced by g(αβ) metric) of the connection ω
α
β on E (i.e. ω˜
α
β).
Let us come back to our presentation of the Nonsymmetric Kaluza–Klein Theory. One can
easily calculate R˜(Γ˜ ) (see Appendix A) getting
R˜(Γ˜ ) = −1
4
ℓabhab (2.55)
(it is a cosmological constant). In the Nonsymmetric Kaluza–Klein Theory (in the non-Abelian
case) we consider a special nonholonomic frame. Moreover, we can consider a different frame
which is still nonholonomic, moreover, it looks more classical. Let us take a section e : E → P
and attach to it a frame va, a = 5, 6, . . . , n+4, selecting xµ = const on a fiber in such a way that
e is given by the condition e∗va = 0 and the fundamental fields ζa such that va(ζb) = δab satisfy
[ζa, ζb] =
1
λ C
c
abζc. Thus we have
ω =
1
λ
vaXa + π
∗(Aaµθµ)Xa, (2.56)
where
e∗ω = A = AaµθµXa. (2.57)
In this frame a tensor γ takes a form
γAB =
(
gαβ + λ
2ℓabA
a
αA
b
β λℓcbA
c
α
λℓacA
c
β ℓab
)
. (2.58)
This frame is also unholonomic. One gets
dva = − 1
2λ
Cabcv
b ∧ vc. (2.59)
In this way a non-Abelian gauge field four-potential is a part of our theory. We present here
a model of a color confinement. This model is a dielectric model of a confinement. It is a
classical model of confinement. We know that a confinement of a color is a nonperturbative
effect. Moreover, our theory is nonlinear and contains a gravity. Thus we should quantize the
theory using Ashtekar–Lewandowski method (see Ref. [32]) or using different methods described
in Conclusions, which we mentioned already above.
In our theory test particles move along geodesic equations induced by Levi-Civita connection
induced by a symmetric part of a metric γ, i.e. γ(AB). This connection has a form
ω˜AB =
(
π∗(ω˜αβ)− hdbg˜(µα)Hdµβθb Haβγθγ
hbdg˜
(αβ)Hdγβθ
γ ˜˜ωab
)
(2.60)
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where ˜˜ωab means a connection (Levi-Civita one) induced by a Killing–Cartan metric on G.
One can write a geodetic equation on P :
uA∇˜AuB = 0, (2.61)
where uB(τ) is a tangent vector to geodetic and ∇˜A means a covariant derivative with respect to
a Levi-Civita connection ω˜AB (Eq. (2.60)). One gets
D˜uα
dτ
− 2ubhbag˜(αβ)Haβγuγ = 0
dub
dτ
= 0.
(2.62)
This equation is written on P . We have a normalization of a four-velocity uα, g(αβ)u
αuβ = 1.
The second equation gives us a constancy of a color charge of a test particle. We can identify
qb = 2mub. (2.63)
Moreover, if we take a section e : E → P we get
D˜uα
dτ
+
Qc
m0
uβgαδhcdF
d
βδ = 0
dQa
dτ
− CacbQcAbνuν = 0
(2.64)
where
e∗Ω =
1
2
F dβδθ
β ∧ θδXd
e∗(qbXb) = QbXb.
(2.65)
Eq. (2.64) is called a Wong equation in the case of G = SU(2) (see Ref. [33]). Moreover,
for the first time the equation has been derived by R. Kerner (see Ref. [34]) in general case (an
arbitrary group G). In Non-Abelian Kaluza–Klein Theory W. Kopczyński derived this equation
on a principal bundle P and afterwards projected it on E (see Ref. [35]), i.e. in the form (2.62).
(This was of course Kaluza–Klein Theory with a symmetric metric.)
In our theory an action is given by
S =
∫
U
dn+4xR(W )
√
det γAB (2.66)
where U = V ×G, V ⊂ E.
The Palatini variational principle adopted here is along the main theoretical stream. Even
more unconventional approach is advocated by J. Plebański, where we vary not only with respect
to a metric and a connection, but also with respect to a curvature. We do not apply the mentioned
formalism. The Palatini variational principle is really interesting if applied to Kaluza–Klein
Theory in a nonsymmetric version.
From the Palatini variational principle (with respect to Wαβ, gµν , ω)
0 = δS = vol(G)δ
∫
V
d4x
(
R(W ) +R(Γ˜ ) + ℓcd(2H
cHd − LcµνHdµν)
)√−g (2.67)
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one gets field equations
Rαβ(W )− 1
2
gαβR(W ) = 8π
gauge
Tαβ + Λgαβ (2.68)
∼g
[µν]
,
= 0 (2.69)
gµν,σ − gζνΓ ζµσ − gµζΓ ζσν = 0 (2.70)
gauge
∇µ
(
ℓab∼L
aαµ) = 2g[αβ]gauge∇β (hab∼g[µν]Haµν) (2.71)
where
gauge
Tαβ = −ℓab
4π
(
gγβg
τζgεγLaζαL
b
τε − 2g[µν]H(aµνHb)αβ − 1
4
gαβ
(
LaµνHbµν − 2HaHb
))
. (2.72)
The skew-symmetric part of the metric induces a current
Jαa =
1
2π∼
g[αβ]
gauge
∇β (habg[µν]Hbµν). (2.73)
This current vanishes if
g[µν] = 0.
One can easily see here that if Daa¯ = 0 we have zero color charge distribution on the right-hand
side of Eq. (2.71). Moreover, a color charge is in general gauge-dependent.
We have here the same problem to define a non-Abelian charge as to define an energy in
General Relativity. We cannot define an energy or a charge at a space-time point. However,
in non-Abelian gauge field theory the situation is even more severe. According to Ref. [36],
the most important difference between theories of Yang–Mills’ type and gravitation is that the
underlying bundle of the latter—the bundle of linear frames—is “concrete”, has more structure
than “abstract” bundles occurring in other gauge theories.
A fundamental difference between these two theories (in NGT there is the same problem as
in GR) happens if we consider asymptotic behavior (at large distances) of static fields. A gauge
transformation U of A→ A, U : E → G,
Aµ(x) = U
−1(x)Aµ(x)U(x) + U−1(x)∂µU(x) (2.74)
Fµν(x) = U
−1(x)Fµν(x)U(x) (2.75)
is compatible with a static A iff
U(r, ψ, ϕ) = U0(ψ,ϕ)
(
1 +
u(ψ,ϕ)
r
+ . . .
)
(2.76)
(U does not depend on time), where ψ and ϕ are defined as usual on S2 (r, ψ, ϕ are spheri-
cal coordinates). U0 : S
2 → G, u(ψ,ϕ) is a real function. From Eqs (2.74)–(2.76) one gets
(Fµνθ
µ ∧ θν = e∗(Hµνθµ ∧ θν), Hµν = HaµνXa)
Fµν(r, ψ, ϕ) = U
−1
0 FµνU0 +O(r
−3). (2.77)
In the case of gravitational fields we have
gµν = ηµν +O(r
−1), (2.78)
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ηµν is a Minkowski tensor, gµν is nonsymmetric,
Γ ≃ O(r−2), (2.79)
Γ is a ωαβ connection in static configurations.
One gets also for Gaαµ
Gαµ = U−10 G
αµU0 +O(r
−2) (2.80)
where Gaαµ = gβαgµνGaβν , G
a
µνθ
µ ∧ θν = e∗(hαdℓdb∼Ldαµθα ∧ θµ) and Gαµ = GaαµXa.
We define a Levi-Civita symbol and a dual Cartan basis
ηαβγδ, η1234 =
√−g (2.81)
ηαβγ = θ
δηαβγδ (2.82)
ηαβ =
1
2 θ
γ ∧ ηαβγ (2.83)
ηα =
1
3 θ
β ∧ ηαβ (2.84)
η = 14 θ
α ∧ ηα. (2.85)
Eq. (2.71) can be rewritten after taking a section e
∂µ(G
aαµ) = 4πJαa − CadcAcµGdαµ (2.86)
where we raise Latin indices by a Killing–Cartan tensor hab.
We rewrite Eq. (2.86) using dual forms
D̂
⋆
G = 4π
⋆
J (2.87)
or in the Gauss form
d
⋆
G = 4π
⋆
J − [A,
⋆
G] (2.88)
where A = Aµθ
µ,
⋆
J = JαaXaηα, ⋆ means a Hodge star and
⋆
J and
⋆
G mean dual forms for Jα
and Gαµ
⋆
G = Gαµηαβ .
D̂ means an exterior covariant derivative with respect to a gauge connection ω on a fiber bundle
P (in a section e), d is an ordinary exterior derivative of E. ηα, ηαβ mean a dual Cartan base.
In this way a total non-Abelian charge
1
4π
∮
⋆
G (2.89)
is ill-defined.
A conservation law for a non-Abelian charge can be written
d
( ⋆
J − 1
4π
[A,
⋆
G]
)
= 0 (2.90)
(see Ref. [36]).
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One gets
J4a =
1
2π∼
g[4b¯]
gauge
∇b¯ (habg[µν]Hbµν) (2.91)
and
∂m¯(ℓabD
am¯) + CdbeA
e
m¯D
am¯ℓab = J
4
a . (2.92)
Our confinement condition (Dam¯ = 0) is considered in a static (or stationary) limit. In this way
J4a = 0 and a fact that a total non-Abelian charge is ill-defined does not concern us. In the case
with some external sources, i.e. quark fields (fermion colored fields) J4a will compensate a charge
caused by fermions and a total color charge distribution remains zero. In this situation we can
develop a color confinement program on the level of exact solutions with fermion sources which
we mentioned before.
In the case of gravitational field (see Ref. [36]) an analogue of a non-Abelian charge (2.89)
is not ill-defined in static situation for an asymptotically flat space-time (also in the case of
nonsymmetric gravitation field).
Let us consider a transformation of a connection ωαβ, (Γ
α
βγ), i.e.
ω′ = U−1(x)ωU(x) + U−1 dU (2.93)
where
ω = ωαβX
β
α (2.94)
where Xβα are generators of a GL(4, R) group and U(x) has the form (2.76). Now of course the
group G is GL(4, R) group. In order to have the asymptotic behavior (2.79) in static configu-
rations, U0 must be a constant Lorentz transformation, i.e. it belongs to SO(1, 3) ⊂ GL(4, R).
Introducing pseudotensor of an energy-momentum for a gravitational field we can define a con-
served four-momentum from a conservation law
d(
⋆
T µ +
⋆
tµ) = 0 (2.95)
where
Tµ = Tµνθ
ν , tµ = tµνθ
ν , (2.96)
⋆
T µ,
⋆
tµ are dual Hodge forms to Tµ and tµ.
Tµν is an energy-momentum tensor for a matter (Yang–Mills’ field) which is nonsymmetric
in general. In some future extensions we include also an energy-momentum tensor for fermion
(quark) fields. tµν is a pseudotensor of an energy-momentum for a gravitational field, defined in
such a way that Eq. (2.95) is equivalent to gravitational field equations via Bianchi identity. In
this way we can define superpotentials Vµ such that
dVµ = 4π(
⋆
T µ +
⋆
tµ) (2.97)
and a conserved 4-momentum
Pµ =
1
4π
∮
Vµ. (2.98)
Pµ is well defined in static situation (under condition (2.78) and (2.79)).
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Using (2.37) one easily gets
⋆
G = hedgαµgνωe∗
(
ℓdn
(
Hnωµ − µhnakadHdωµ
+
(
Hnαωg˜
(αδ)g[δµ] −Hnαµg˜(αδ)g[δω]
)− 2µhnakadg˜(δτ)g˜(αβ)Hdδαg[τω]g[βµ]
− 2µhnakadg˜(δβ)g˜(ατ)Hdβ[ωgµ]τg[δα] + 2µ2hnahbckackbdg˜(αβ)Hdα[ωg|µ|β]
)
ηµνXe
)
, (2.99)
where ηµν = π
∗(ηµν).
One also derives
V ′µ = VνU
ν
0µ +O(r
−3) (2.100)
where U0 = (U
ν
0µ) ∈ SO(1, 3).
If we want to consider fermions (quarks) in the theory we should add a Lagrangian of fermions
(quarks)
Lfermions =
√−g˜∑
f
(iψjf(γ
µDµ)jk −mfδjk)ψkf (2.101)
where
(Dµ)jk = ∇˜µδjk + gAaµ(Xa)jk (2.102)
is a covariant derivative of a spinor field with respect to Riemannian part of a connection ωαβ
(ω˜αβ) generated by g(αβ) and a gauge field at once (g˜ = det(g(αβ))).
∇˜µ = ∂µ + σαβΓ˜αβµ, σαβ = 18 [γα, γβ ], (2.103)
g is a coupling constant, mf is the mass of a quark of flavour f . Xa is a generator of the Lie
algebra of a group G (equal to SU(3)) in a fundamental representation and repeated indices are
summed over.
One derives a color current for fermions (quarks) getting
Jqµa =
ig
4π
√−g˜∑
f
ψjfγ
µ(Xa)jkψkf (2.104)
and a color charge distribution
Jq4a =
ig
4π
√−g˜∑
f
ψjfγ
4(Xa)jkψkf . (2.105)
The color confinement condition reads now
Jq4a + J
4
a = 0 (2.106)
or
ig
2
√
−g˜
∑
f
ψjfγ
4(Xa)jkψkf + ∼g
[4b¯]e∗
(gauge
∇b¯ (habg[µν]Haµν)
)
= 0. (2.107)
Spinor fields (quark fields) are defined in the same gauge e. In this way we can write
e∗
( ig
2
√
−g˜
∑
f
Ψ jfγ
4(Xa)jkΨkf + ∼g
[4b¯]
gauge
∇b¯ (habg[µν]Haµν)
)
= 0, (2.108)
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i.e. in any “gauge”, Ψjf , Ψ jf are spinor fields on P . This means that
ig
2
√
−g˜
∑
f
Ψ jfγ
4(Xa)jkΨkf + ∼g
[4b¯]
gauge
∇b¯ (habg[µν]Haµν) = 0. (2.109)
Eq. (2.109) means a dielectric color confinement condition in a presence of fermion (quark) sources.
It is interesting to express
−→
E a and
−→
B a fields in terms of
−→
Da and
−→
H a fields. From Eq. (2.22)
one gets
1
2(ℓ
ceℓdcgνωgµβ + δ
e
dgβµgων)L
dµν = Heβω. (2.110)
From Eq. (2.110) we obtain
Eew¯ =
1
2
(
εn¯m¯l¯
(
ℓceℓdcgn¯w¯gm¯4 + δ
e
dg4n¯gw¯n¯
)
H l¯d
+
(
ℓceℓdc(gm¯w¯g44 − g4w¯gm¯4) + δed(g44gw¯m¯ − g4m¯gw¯4)
)
Ddm¯
)
(2.111)
Bea¯ = εa¯
w¯b¯
[
εn¯m¯l¯
(
ℓceℓdcgn¯w¯gm¯b¯ + δ
e
dgb¯m¯gw¯n¯
)
H l¯d
+
(
ℓceℓdc(gn¯w¯g4b¯ − g4w¯gn¯b¯) + δed(gb¯4gw¯n¯ − gb¯n¯gw¯4)
)
Dn¯d
]
(2.112)
It is interesting to ask how to construct a Nonsymmetric Kaluza–Klein Theory with a group
G = G0 ⊗U(1)em with an obvious application G0 = SU(3)c.
The simplest choice is to suppose that a nonsymmetric right-invariant tensor on G has the
form (
ℓab 0
0 −1
)
(2.113)
where ℓab = hab + µkab is a nonsymmetric right-invariant tensor on G0.
In this case we can consider also a fermion sources (quarks) adding to the Lagrangian a
Lagrangian of fermion (quark) fields. We considered such a situation before. Moreover, now we
should add also a coupling with an electromagnetic field, i.e.
iq
√−g˜∑
f
ψfjγ
µψfjAµ (2.114)
where q is an elementary charge, qf is a charge of a quark measured in q, Aµ is a four-potential
of an electromagnetic field and repeated indices are summed over.
In this way we get an electric current as a source of Maxwell equations in our theory:
Jαn+5 =
1
2π ∼
g[αµ]∂µ
(
g[νβ]Fνβ
)
+
q
√−g˜
4π
∑
f
qf
∑
j
ψfjγ
µψfj (2.115)
a density of a charge is
J4n+5 =
1
2π∼
g[4m¯]∂m¯(g
[µν]Fνβ) +
q
√−g˜
4π
∑
f
qf
∑
j
ψfjγ
4ψfj . (2.116)
If we want a confinement of a charge we should have
−→
D = 0 (see Ref. [9]). This means
that even
−→
E 6= 0, J4n+5 = 0, for G = SU(3)c n = 8. Let us consider Eqs (2.110)–(2.112) for
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G = U(1), i.e. in an electromagnetic case. Let us notice that in the formulas below Latin small
cases a, b, c = 1, 2, 3 correspond to space indices as in Ref. [9]. One gets
1
2(gνωgµβ + gβµgων)H
µν = Fβω (2.117)
Ew =
1
2
(
εnme(gnwgm4 + g4mgwn)H
e + (gnwg44 − g4wgm4 − g44gwm − g4mgw4)Dn
)
(2.118)
Ba = εa
wb(εnme(gnwgmb + gbmgwn)He + (gnwg4b − g4wgmb + gb4gwn − gbngw4)Dn) (2.119)
Thus we get
Ea = KaeH
e + LanD
n (2.120)
Ba = KaeH
e + LanD
n (2.121)
where
Kwe =
1
2 ε
nm
e(gnwgm4 + g4mgwn) (2.122)
Lan =
1
2 (gnwg44 − g4wgm4 − g44gwm − g4mgw4) (2.123)
Kae = ε
wb
aε
mn
e(gnwgmb + gbmgwm) (2.124)
Lan = ε
wb
a(gnwg4b − g4wgmb − gb4gwn − gbngw4) (2.125)
Let us give the following remark on confinement condition
−→
Da = 0. This condition should be
satisfied outside a hadron, which in our model is a solution of field equation for the Nonsymmetric
Kaluza–Klein Theory with or without fermion (quark) sources with G = SU(3)c or G = SU(3)c⊗
U(1)em. In this way we consider a soliton model of hadrons. Inside a hadron, i.e. a solution of
field equation this condition is not satisfied. The solution should be static (or stationary) with
spherical symmetry or axial symmetry.
Eq. (2.68) can be rewritten in a different shape
Rαβ(W ) = 8π
gauge
Tαβ − Λgαβ . (2.126)
From Eq. (2.126) one gets
R(αβ)(Γ ) = 8π
gauge
T(αβ) − Λg(αβ) (2.127)
R[[αβ],γ](Γ ) = 8π
gauge
T[[αβ],γ] − Λg[[αβ],γ] (2.128)
We use of course a fact that a trace of
gauge
Tαβ is zero
gauge
Tαβ g
αβ = 0. (2.129)
Eq. (2.71) can be rewritten in the form
gauge
∇µ
(
ℓabL
aαµ) = 2g[αβ]gauge∇β (habg[µν]Haµν), (2.130)
gauge
∇µ means a gauge derivative with respect to a connection ω,
gauge
∇µ means a covariant derivative
with respect to connection ω (a gauge derivative) and a connection ωαβ on E at once,
∼L
aµν =
√−g Laµν , ∼g
[µν] =
√−g gµν . (2.131)
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Let us consider a different approach to NGT coming from Einstein Unified Field Theory.
This is a so called Hermitian-Nonsymmetric Theory (see Refs [18, 37]). In this theory we have a
fundamental tensor gµν as before. Moreover, now this tensor is complex and Hermitian
g∗νµ = gµν . (2.132)
(In this case the star ∗ means the complex conjugation. Do not mix up it with the Hodge star.)
In such a way one gets
gµν = g(µν) + g[µν] (2.133)
and g[µν] is pure imaginary
g[µν] = ipµν (2.134)
where pµν is a real antisymmetric tensor
pµν = −pνµ. (2.135)
In the theory we have two connections as before (in the real version) ωαβ = Γ
α
βγθ
γ and Wαβ =
Wαβγθ. The first connection is an Hermitian connection (in holonomic system of coordinates)
Γ ∗αβγ = Γαγβ (2.136)
and
Γα[βα] = 0 (2.137)
or
Qαβα(Γ ) = 0 (2.138)
where Qαβγ(Γ ) is a torsion of the connection ω
α
β. The second connection is not Hermitian
Wαβ = ω
α
β − 2
3
δαβW (2.139)
and the form W is pure imaginary.
The Ricci tensor is defined as before (Moffat–Ricci) tensor. This tensor is Hermitian. The
inverse tensor of gµν , g
µν is also Hermitian. It is easy to prove that in a nonholonomic system of
coordinates we have in place of Eq. (2.136)
Γ ∗νµω = Γ νωµ + (Γ˜ νµω − Γ˜ νωµ) (2.140)
where Γ˜ νωµ is a Levi-Civita connection generated by the symmetric part of gµν , g(µν). The
connection ωαβ satisfies Eqs (2.2)–(2.3).
Now we construct a Nonsymmetric Kaluza–Klein Theory exactly as before (see Refs [3, 4]).
In the 5-dimensional (electromagnetic) case we have in place of the nonsymmetric tensor gµν an
Hermitian tensor g∗µν = gνµ. Thus we get Nonsymmetric Hermitian Kaluza–Klein Theory. It is
an Hermitian metrization of a fiber bundle. This is a natural Hermitian metrization of a fiber
bundle (5-dimensional case).
All the formulas are the same. Moreover, we should remember that g[µν] is pure imaginary.
The connection ωAB on P is Hermitian in holonomic system of coordinates. Moreover, in our
lift-horizontal basis it satisfies a different condition
Γ ∗NMW = ΓNMW + (Γ˜NMW − Γ˜NWM) (2.141)
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where ω˜NM = Γ˜
N
MW θ
W is a Levi-Civita connection generated by γ(AB), where N,W,M,A,B =
1, 2, 3, 4, 5. If a frame is holonomic, we get a condition to be Hermitian from Eq. (2.141).
In the case of an exact solution from Ref. [9] we have
gµν =

−α 0 0 ω
0 −r2 0 0
0 0 −r2 sin2 θ 0
−ω 0 0 γ
 (2.142)
where
ω =
iℓ2
r2
and γ =
(
1− ℓ
4
r4
)
α−1
and all the remaining formulae are the same as in Ref. [9] (Eqs (4.1), (4.3), (4.5), (4.6) of Ref. [9]).
The energy-momentum tensor for an electromagnetic field is also Hermitian
em
T ∗αβ =
em
T βα. (2.143)
Let us come to the Nonsymmetric Kaluza–Klein Theory in a general non-Abelian case. In
this way we consider an Hermitian nonsymmetric tensor on P (as in this section) γAB. But now
our constant µ is a pure imaginary constant, e.g. µ = iµ, where µ is a real number. Our tensor
is right invariant with respect to the group action on P and Hermitian,
γ∗AB = γBA. (2.144)
In all the formulae derived here it is enough to put iµ in place of µ. The connection on P , ωAB
satisfies condition (2.141), but now A,B = 1, 2, . . . , n+ 4,
ℓab = hab + µkab = hab + iµkab, (2.145)
ℓ∗ab = ℓba (2.146)
In this way we consider a natural Hermitian metrization of a fiber bundle in a general non-Abelian
case (for a semisimple gauge group). All energy-momentum tensors are now Hermitian, e.g.
gauge
Tαβ
∗ =
gauge
Tβα . (2.147)
Let us give the following remark. A lift horizontal basis in Kaluza–Klein Theory is nonholo-
nomic. For this a Levi-Civita connection coefficients are not Christoffel symbols. They are not
symmetric in lower indices.
One can consider in place of a complex (Hermitian) metric also a hypercomplex (Hermitian)
metric (see Ref. [38]). Hypercomplex numbers (see Ref. [39]) are defined as
x = x1 + Ix2 (2.148)
where x1, x2 are real numbers and
I2 =

−1 for complex numbers,
+1 for hypercomplex numbers,
0 for dual or parabolic numbers.
(2.149)
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Hypercomplex numbers form a ring. They do not form a field. Addition and multiplication are
defined as usual taking into account the fact that I2 = 1 (I 6= 1). An inverse of a number does
not always exist. This ring contains also divisors of zero. One gets
E1,2 =
1
2 (I ± 1), E21,2 = E1,2
E1 ·E2 = 0.
(2.150)
In this way
x = x˜1E1 + x˜2E2 = (x1 + x2)E1 + (x2 − x1)E2 (2.151)
and the ring of hypercomplex numbers is isomorphic to a simple product of two copies of real
numbers field. In some sense it is a trivial structure in comparison with the complex numbers
field.
Thus if we take
g˜µν = g(µν) + Ig[µν] = E1gµν −E2gνµ (2.152)
where
gµν = g(µν) + g[µν] (2.153)
as in the real version of the theory, we get two disconnected real versions of the theory for
gµν and transpose gνµ. The nonsymmetric natural metrization of a fiber bundle in Hermitian
(hypercomplex) can be done analogously to the complex one in 5-dimensional case and in general
non-Abelian (for a semisimple group) case.
Moreover, all the calculations given by us in the case of a real version can be repeated remem-
bering that g[µν] should be shifted to Ig[µν] and also kab → Ikab. In this way we get Nonsymmetric–
Hermitian (Hypercomplex) Kaluza–Klein Theory. Moreover, we can write also in the case of a
tensor γAB
γ˜AB = γ(AB) + Iγ[AB] = E1γAB − E2γBA (2.154)
γAB = γ(AB) + γ[AB] (2.155)
and we have as before in a 4-dimensional case two disconnected real versions. Thus in the case
of Hermitian (Hypercomplex) Kaluza–Klein Theory we are reduced to a real version. Moreover,
from the methodological point of view it is better to consider a Hermitian approach.
The solution (2.142) will now look
ω =
Iℓ2
r2
and γ =
(
1 +
ℓ4
r4
)
α−1. (2.156)
This solution can be written also in the form (2.153)–(2.154), i.e.
g˜µν =

−α 0 0 0
0 −r2 0 0
0 0 −r2 sin2 θ 0
0 0 0 γ
+ J

0 0 0 l
2
r2
0 0 0 0
0 0 0 0
− l2r2 0 0 0

= E1

−α 0 0 l2r2
0 −r2 0 0
0 0 −r2 sin2 θ 0
− l2r2 0 0 γ
−E2

−α 0 0 − l2r2
0 −r2 0 0
0 0 −r2 sin2 θ 0
l2
r2 0 0 γ
 (2.157)
where γ is given by the second formula of Eq. (2.156).
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3 Spontaneous symmetry breaking and Higgs’ mechanism in the
Nonsymmetric Kaluza–Klein Theory
In order to incorporate a spontaneous symmetry breaking and Higgs’ mechanism in our geomet-
rical unification of gravitation and Yang–Mills’ fields we consider a fiber bundle P over a base
manifold E × G/G0, where E is a space-time, G0 ⊂ G, G0, G are semisimple Lie groups. Thus
we are going to combine a Kaluza–Klein theory with a dimensional reduction procedure.
Let P be a principal fiber bundle over V = E ×M with a structural group H and with a
projection π, where M = G/G0 is a homogeneous space, G is a semisimple Lie group and G0 its
semisimple Lie subgroup. Let us suppose that (V, γ) is a manifold with a nonsymmetric metric
tensor
γAB = γ(AB) + γ[AB]. (3.1)
The signature of the tensor γ is ( +−−−, −−− · · · −︸ ︷︷ ︸
n1
). Let us introduce a natural frame on P
θA˜ = (π∗(θA), θ0 = λωa), λ = const. (3.2)
It is convenient to introduce the following notation. Capital Latin indices with tilde A˜, B˜, C˜
run 1, 2, 3, . . . ,m + 4, m = dimH + dimM = n + dimM = n + n1, n1 = dimM , n = dimH.
Lower Greek indices α, β, γ, δ = 1, 2, 3, 4 and lower Latin indices a, b, c, d = n1 + 5, n2 + 5, . . . ,
n1+6, . . . ,m+4. Capital Latin indices A,B,C = 1, 2, . . . , n1+4. Lower Latin indices with tilde
a˜, b˜, c˜ run 5, 6, . . . , n1+4. The symbol over θ
A and other quantities indicates that these quantities
are defined on V . We have of course
n1 = dimG− dimG0 = n2 − (n2 − n1),
where dimG = n2, dimG0 = n2 − n1, m = n1 + n.
On the group H we define a bi-invariant (symmetric) Killing–Cartan tensor
h(A,B) = habA
aBb. (3.3)
We suppose H is semisimple, it means det(hab) 6= 0. We define a skew-symmetric right-invariant
tensor on H
k(A,B) = kbcA
bBc, kbc = −kcb.
Let us turn to the nonsymmetric metrization of P .
κ(X,Y ) = γ(X,Y ) + λ2ℓabω
a(X)ωb(Y ) (3.4)
where
ℓab = hab + ξkab (3.5)
is a nonsymmetric right-invariant tensor on H. One gets in a matrix form (in the natural frame
(3.2))
κA˜B˜ =
(
γAB 0
0 ℓab
)
, (3.6)
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det(ℓab) 6= 0, ξ = const and real, then
ℓabℓ
ac = ℓbaℓ
ca = δcb. (3.7)
The signature of the tensor κ is (+,−−−,− · · · −︸ ︷︷ ︸
n1
, −− · · · −︸ ︷︷ ︸
n
). As usual, we have commutation
relations for Lie algebra of H, h
[Xa,Xb] = C
c
abXc. (3.8)
This metrization of P is right-invariant with respect to an action of H on P .
Now we should nonsymmetrically metrize M = G/G0. M is a homogeneous space for G (with
left action of group G). Let us suppose that the Lie algebra of G, g has the following reductive
decomposition
g = g0 +˙ m (3.9)
where g0 is a Lie algebra of G0 (a subalgebra of g) and m (the complement to the subalgebra g0)
is AdG0 invariant, +˙ means a direct sum. Such a decomposition might be not unique, but we
assume that one has been chosen. Sometimes one assumes a stronger condition for m, the so
called symmetry requirement,
[m,m] ⊂ g0. (3.10)
Let us introduce the following notation for generators of g:
Yi ∈ g, Yı˜ ∈ m, Yaˆ ∈ g0. (3.11)
This is a decomposition of a basis of g according to (3.9). We define a symmetric metric on M
using a Killing–Cartan form on G in a classical way. We call this tensor h0.
Let us define a tensor field h0(x) on G/G0, x ∈ G/G0, using tensor field h on G. Moreover,
if we suppose that h is a biinvariant metric on G (a Killing–Cartan tensor) we have a simpler
construction.
The complement m is a tangent space to the point {εG0} of M , ε is a unit element of G. We
restrict h to the space m only. Thus we have h0({εG0}) at one point of M . Now we propagate
h0({fG0}) using a left action of the group G
h0({fG0}) = (L−1f )∗(h0({εG0})).
h0({εG0}) is of course AdG0 invariant tensor defined on m and L∗fh0 = h0.
We define on M a skew-symmetric 2-form k0. Now we introduce a natural frame on M . Let
f ijk be structure constants of the Lie algebra g, i.e.
[Yj , Yk] = f
i
jkYi. (3.12)
Yj are generators of the Lie algebra g. Let us take a local section σ : V → G/G0 of a natural bundle
G 7→ G/G0 where V ⊂ M = G/G0. The local section σ can be considered as an introduction of
a coordinate system on M .
Let ωMC be a left-invariant Maurer–Cartan form and let
ωσMC = σ
∗ωMC . (3.13)
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Using decomposition (3.9) we have
ωσMC = ω
σ
0 + ω
σ
m = θ̂
ıŶı + t
a˜Ya˜. (3.14)
It is easy to see that θa˜ is the natural (left-invariant) frame on M and we have
h0 = h0a˜b˜θ
a˜ ⊗ θb˜ (3.15)
k0 = k0a˜b˜θ
a˜ ∧ θb˜. (3.16)
According to our notation a˜, b˜ = 5, 6, . . . , n1 + 4.
Thus we have a nonsymmetric metric on M
γa˜b˜ = r
2(h0a˜b˜ + ζk0a˜b˜) = r2ga˜b˜. (3.17)
Thus we are able to write down the nonsymmetric metric on V = E ×M = E ×G/G0
γAB =
(
gαβ 0
0 r2ga˜b˜
)
(3.18)
where
gαβ = g(αβ) + g[αβ]
ga˜b˜ = h
0
a˜b˜ + ζk
0
a˜b˜
k0a˜b˜ = −k0b˜a˜
h0a˜b˜ = h
0
b˜a˜,
α, β = 1, 2, 3, 4, a˜, b˜ = 5, 6, . . . , n1 + 4 = dimM + 4 = dimG − dimG0 + 4. The frame θa˜ is
unholonomic:
dθa˜ =
1
2
κa˜b˜c˜θ
b˜ ∧ θc˜ (3.19)
where κa˜b˜c˜ are coefficients of nonholonomicity and depend on the point of the manifoldM = G/G0
(they are not constant in general). They depend on the section σ and on the constants f a˜b˜c˜.
We have here three groups H,G,G0. Let us suppose that there exists a homomorphism µ
between G0 and H,
µ : G0 → H (3.20)
such that a centralizer of µ(G0) in H, C
µ is isomorphic to G. Cµ, a centralizer of µ(G0) in H,
is a set of all elements of H which commute with elements of µ(G0), which is a subgroup of H.
This means that H has the following structure, Cµ = G.
µ(G0)⊗G ⊂ H. (3.21)
If µ is a isomorphism between G0 and µ(G0) one gets
G0 ⊗G ⊂ H. (3.22)
Let us denote by µ′ a tangent map to µ at a unit element. Thus µ′ is a differential of µ acting on
the Lie algebra elements. Let us suppose that the connection ω on the fiber bundle P is invariant
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under group action of G on the manifold V = E ×G/G0. According to Refs [13, 40, 41, 42] this
means the following.
Let e be a local section of P , e : V ⊂ U → P and A = e∗ω. Then for every g ∈ G there exists
a gauge transformation ρg such that
f∗(g)A = Adρ−1g A+ ρ
−1
g dgg, (3.23)
f∗ means a pull-back of the action f of the group G on the manifold V . According to Refs
[40, 41, 42, 43, 44, 45] (see also Refs [46, 47, 48]) we are able to write a general form for such
an ω. Following Ref. [42] we have
ω = ω˜E + µ
′ ◦ ωσ0 + Φ ◦ ωσm. (3.24)
(An action of a group G on V = E × G/G0 means left multiplication on a homogeneous space
M = G/G0.) where ω
σ
0 + ω
σ
m = ω
σ
MC are components of the pull-back of the Maurer–Cartan
form from the decomposition (3.14), ω˜E is a connection defined on a fiber bundle Q over a space-
time E with structural group Cµ and a projection πE. Moreover, C
µ = G and ω˜E is a 1-form
with values in the Lie algebra g. This connection describes an ordinary Yang–Mills’ field gauge
group G = Cµ on the space-time E. Φ is a function on E with values in the space S˜ of linear
maps
Φ : m→ h (3.25)
satisfying
Φ([X0,X]) = [µ
′X0, Φ(X)], X0 ∈ g0. (3.26)
Thus
ω˜E = ω˜
i
EYi, Yi ∈ g,
ωσ0 = θ̂
ıŶı, Ŷı ∈ g0,
ωσm = θ
a˜Ya˜, Ya˜ ∈ m.
(3.27)
Let us write condition (3.24) in the base of left-invariant form θ̂ı, θa˜, which span respectively
dual spaces to g0 and m (see Refs [49, 50]). It is easy to see that
Φ ◦ ωσm = Φaa˜(x)θa˜Xa, Xa ∈ h (3.28)
and
µ′ = µaı̂θ̂
ıXa. (3.29)
From (3.26) one gets
Φc
b˜
(x)f b˜
ı̂a˜
= µa
ı̂
Φba˜(x)C
c
ab (3.30)
where f b˜
ı̂a˜
are structure constants of the Lie algebra g and Ccab are structure constants of the Lie
algebra h. Eq. (3.30) is a constraint on the scalar field Φaa˜(x). For a curvature of ω one gets
Ω =
1
2
HCABθ
A ∧ θBXC = 1
2
H˜ iµνθ
µ ∧ θναciXc +
gauge
∇µ Φca˜θµ ∧ θa˜Xc
+
1
2
CcabΦ
a
a˜Φ
b
b˜
θa˜ ∧ θb˜Xc − 1
2
Φc
d˜
f d˜
a˜b˜
θa˜ ∧ θb˜Xc. (3.31)
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Thus we have
Hcµν = α
c
iH˜
i
µν (3.32)
Hcµa˜ =
gauge
∇µ Φca˜ = −Hca˜µ (3.33)
Hca˜b˜ = C
c
ab · Φaa˜Φbb˜ − µcı̂f ı̂a˜b˜ − Φcd˜f d˜a˜b˜ (3.34)
where
gauge
∇µ means gauge derivative with respect to the connection ω˜E defined on a bundle Q over
a space-time E with a structural group G
Yi = α
c
iXc. (3.35)
H˜ iµν is the curvature of the connection ωE in the base {Yi}, generators of the Lie algebra of the
Lie group G, g, αci is the matrix which connects {Yi} with {Xc}. Now we would like to remind
that indices a, b, c refer to the Lie algebra h, a˜, b˜, c˜ to the space m (tangent space to M), ı̂, ̂, k̂ to
the Lie algebra g0 and i, j, k to the Lie algebra of the group G, g. The matrix α
c
i establishes a
direct relation between generators of the Lie algebra of the subgroup of the group H isomorphic
to the group G.
Let us come back to a construction of the Nonsymmetric Kaluza–Klein Theory on a mani-
fold P . We should define connections. First of all, we should define a connection compatible with
a nonsymmetric tensor γAB , Eq. (3.18),
ωAB = Γ
A
BCθ
C (3.36)
DγAB = γADQ
D
BC(Γ )θ
C (3.37)
QDBD(Γ ) = 0
where D is the exterior covariant derivative with respect to ωAB and Q
D
BC(Γ ) its torsion.
Using (3.18) one easily finds that the connection (3.36) has the following shape
ωAB =
(
π∗E(ω
α
β) 0
0 ̂¯ωa˜b˜
)
(3.38)
where ωαβ = Γ
α
βγθ
γ is a connection on the space-time E and ω̂a˜b˜ = Γ̂
a˜
b˜c˜θ
c˜ on the manifold
M = G/G0 with the following properties
Dgαβ = gαδQ
δ
βγ(Γ )θ
γ = 0 (3.39)
Qαβα(Γ ) = 0 (3.40)
D̂ga˜b˜ = ga˜d˜Q̂
d˜
b˜c˜(Γ̂ ). (3.41)
Q̂d˜b˜d˜(Γ̂ ) = 0
D is an exterior covariant derivative with respect to a connection ωαβ. Q
α
βγ is a tensor of
torsion of a connection ωαβ. D̂ is an exterior covariant derivative of a connection ω̂
a˜
b˜ and Q̂
a˜
b˜c˜(Γ̂ )
its torsion.
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On a space-time E we also define the second affine connection Wαβ such that
Wαβ = ω
α
β − 2
3
δαβW, (3.42)
where
W = W γθ
γ = 12(W
σ
γσ −W σγσ).
We proceed a nonsymmetric metrization of a principal fiber bundle P according to (3.18). Thus
we define a right-invariant connection with respect to an action of the group H compatible with
a tensor κA˜B˜
DκA˜B˜ = κA˜D˜Q
D˜
B˜C˜(Γ )θ
C˜ (3.43)
QD˜B˜D˜(Γ ) = 0
where ωA˜B˜ = Γ
A˜
B˜C˜ θ˜
C˜ . D is an exterior covariant derivative with respect to the connection ωA˜B˜
and QA˜B˜C˜ its torsion. After some calculations one finds
ωA˜B˜ =
(
π∗(ωAB)− ℓdbγMALdMBθb LaBCθC
ℓbdγ
AB(2HdCB − LdCB)θC ω˜ab
)
(3.44)
where
LdMB = −LdBM (3.45)
ℓdcγMBγ
CMLdCA + ℓcdγAMγ
MCLdBC = 2ℓcdγAMγ
MCHdBC , (3.46)
LdCA is Ad-type tensor with respect to H (Ad-covariant on P )
ω˜ab = Γ˜
a
bcθ
c (3.47)
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac (3.48)
Γ˜ dac = −Γ˜ dca, Γ˜ dad = 0. (3.49)
We define on P a second connection
W A˜B˜ = ω
A˜
B˜ −
4
3(m+ 2)
δA˜B˜W. (3.50)
Thus we have on P all (m+ 4)-dimensional analogues of geometrical quantities from NGT, i.e.
W A˜B˜ , ω
A˜
B˜ and κA˜B˜ .
Let us calculate a Moffat–Ricci curvature scalar for the connection W A˜B˜
R(W ) = κA˜B˜
(
RC˜A˜B˜C˜(W ) +
1
2R
C˜
C˜A˜B˜(W )
)
(3.51)
where RC˜C˜A˜B˜(W ) is a curvature tensor for a connection W
A˜
B˜ and κ
A˜B˜ is an inverse tensor for
κA˜B˜
κA˜C˜κA˜B˜ = κ
C˜A˜κB˜A˜ = δ
C˜
B˜ . (3.52)
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Using results from Ref. [1] one gets (having in mind some analogies from a theory with a base
space E to the theory with the base space V = E ×M = E ×G/G0)
R(W ) = R(W ) +
1
r2
R(Γ̂ ) +
1
λ2
R˜(Γ˜ )− λ
2
4
ℓab
(
2HaHb − LaMNHbMN
)
(3.53)
where R(W ) is a Moffat–Ricci curvature scalar on the space-time E for a connection Wαβ, R(Γ̂ )
is a Moffat–Ricci curvature scalar for a connection ω̂a˜b˜ on a homogeneous spaceM = G/G0, R˜(Γ˜ )
is a Moffat–Ricci curvature scalar for a connection ω˜ab,
Ha = γ[AB]Ha[AB] = g
[αβ]Haαβ +
1
r2
g[a˜b˜]Haa˜b˜ (3.54)
LaMN = γAMγBNLaAB = δ
M
µδ
N
γg
αµgβγLaαβ
+
1
r2
(
gαµgb˜n˜Laαb˜ + g
a˜n˜gβγLaa˜β
)
δMµδ
N
n˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜δ
M
m˜δ
N
n˜. (3.55)
One finds that
− ℓabLaMNHbMN = −ℓab
(
gαµgβνLaαβH
b
µν +
2
r2
gαµgb˜n˜Laαb˜H
b
µn˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜H
b
m˜n˜
)
= −ℓab
(
LaµνHbµν +
2
r2
gb˜n˜Lαµb˜H
b
µn˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜H
b
m˜n˜
)
. (3.56)
We get conditions from Eq. (3.46)
ℓdcgµβg
γµLdγα + ℓcdgαµg
µγLdβγ = 2ℓcdgαµg
µγHdβγ (3.57)
ℓdcgm˜b˜g
c˜m˜Ldc˜a˜ + ℓcdga˜m˜g
m˜c˜Ldb˜c˜ = 2ℓcdga˜m˜g
m˜c˜Hdb˜c˜ (3.58)
ℓdcgµβg
γµLdγa˜ + ℓcdga˜m˜g
m˜c˜Ldβc˜ = 2ℓcdga˜m˜g
m˜c˜Hdβc˜ (3.59)
Laµν = gαµgβνLaαβ (3.60)
Laµb˜ = g
αµLaµb˜. (3.61)
For ℓabH
aHb = habH
aHb we have the following:
habH
aHb = habH
a
0H
b
0 +
2
r2
habH
a
0H
b
1 +
1
r4
habH
a
1H
b
1 (3.62)
where
Ha0 = g
αβHaαβ , H
a
1 = g
[a˜b˜]Haa˜b˜. (3.63)
Finally, we have for a density of R(W ), i.e.√
|κ|R(W ) = √−g rn1
√
|g˜|
√
|ℓ|R(W )
=
√−g rn1
√
|g˜|
√
|ℓ|
(
R(W ) +
R˜(Γ˜ )
λ2
+
1
r2
R(Γ̂ ) +
λ2
4
ℓab
(
2Ha0H
b
0 − LaµνHbµν
)
+
λ2
4r2
ℓab
(
4H(a0H
b)
1 − 2gb˜n˜Laµb˜Hbµn˜
)
+
λ2
4r2
ℓab
(
2Ha1H
b
1 − ga˜m˜gb˜n˜Laa˜b˜Hbm˜n˜
))
. (3.64)
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We define an integral of action
S ∼
∫
U
√
|κ|R(W ) dm+4x, (3.65)
where
U = M ×G× V, V ⊂ E, dm+4x = d4x dµH(h) dm(y),
dµH(h) is a biinvariant measure on a group H and dm(y) is a measure on M induced by a
biinvariant measure on G. R(W ) is a Moffat–Ricci curvature scalar for a connection Wαβ on E.
Let us consider Eqs (3.57)–(3.59) modulo equations (3.32)–(3.34). One gets
ℓijgµβg
γµL˜iγα + ℓjigαµg
µγL˜iβγ = 2ℓjigαµg
µγH˜ iβγ (3.66)
where ℓij = ℓcdα
c
iα
d
j is a right-invariant nonsymmetric metric on the group G and
Lcµν = α
c
iL˜
i
µν . (3.67)
L˜iµν plays a role of an induction tensor for the Yang–Mills’ field with the gauge group G. H˜
i
µν is
of course the tensor of strength of this field. The polarization tensor is defined as usual
L˜iµν = H˜
i
µν − 4πM˜ iµν . (3.68)
We introduce two AdG-type 2-forms with values in the Lie algebra g (of G)
L˜ = 12 L˜
i
µνθ
µ ∧ θνYi (3.69)
M˜ = 12 M˜
i
µνθ
µ ∧ θνYi (3.70)
and we easily write
L˜ = Ω˜E − 4πM˜ = Ω˜E − 12 Q (3.71)
where Q˜ = 12 Q˜
i
µνθ
µ ∧ θνYi, Q˜iµν = αicQcµν . Ω˜E is a 2-form of a curvature of a connection ω˜E
(Eq. (3.27)) in Eq. (3.31) (the first term of this equation).
In this way we get a geometrical interpretation of a Yang–Mills’ induction tensor in terms of
the curvature tensor and torsion in additional dimensions (see Refs [1, 3]). Afterwards we get
ℓcdgm˜b˜g
c˜m˜Ldc˜a˜ + ℓcdga˜m˜g
m˜c˜Ldb˜c˜ = 2ℓcdga˜m˜g
m˜c˜(CdabΦab˜Φbb˜ − µdı̂f ı̂b˜c˜ − Φdd˜f d˜b˜c˜), (3.72)
ℓcdgµβg
γµLdγa˜ + ℓcdga˜m˜g
m˜c˜Ldβc˜ = 2ℓcdga˜m˜g
m˜c˜
gauge
∇β Φdc˜ . (3.73)
Let us rewrite an action integral
S = − 1
V1V2rn1
∫
U
(
R(W ) dnx
)
dn1x d4x, U = V ×M ×H, V ⊂ E, (3.74)
V1 =
∫
H
√
|ℓ| dnx (3.75)
V2 =
∫
M
√
|g˜| dn1x. (3.76)
Thus we get
S = −
∫
V
√−g d4xL(W,g, A˜, Φ) (3.77)
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where
L(W,g, A˜, Φ)
= R(W ) +
λ2
4
(
8πLYM(A˜) + 2
r2
Lkin(
gauge
∇ Φ) + 1
r4
V (Φ)− 4
r2
Lint(Φ, A˜)
)
+ λc (3.78)
LYM(A˜) = − 1
8π
ℓij
(
2H˜ iH˜j − LiµνH˜jµν
)
(3.79)
is the lagrangian for the Yang–Mills’ field with the gauge group G (see Eqs (2.33) and (2.39)),
Lkin(
gauge
∇ Φ) = 1
V2
∫
M
√
|g˜| dn1x(ℓabgb˜n˜Laµb˜gauge∇µ Φbn˜)
= ℓabg
αµ 1
V2
∫
M
√
|g˜| dn1x(gb˜n˜Laαb˜gauge∇µ Φbn˜) (3.80)
is a kinetic part of a lagrangian for a scalar field Φaa˜. It is quadratic in gauge derivative of Φ
a
a˜ and
is invariant with respect to the action of groups H and G.
V (Φ) =
ℓab
V2
∫
M
√
|g˜| dn1x
[
2g[m˜n˜]
(
CacdΦ
c
m˜Φ
d
n˜ − µaı̂f ı̂m˜n˜ − Φae˜f e˜m˜n˜
)
g[a˜b˜]
(
CbefΦ
e
a˜Φ
f
b˜
− µb̂f ̂a˜b˜ − Φba˜f d˜a˜b˜
)− ga˜m˜gb˜n˜Laa˜b˜(CbcdΦcm˜Φdn˜ − µbı̂f ı̂m˜n˜ − Φbe˜f e˜m˜n˜)] (3.81)
is a self-interacting term for a field Φ. It is invariant with respect to the action of the groups H
and G. This term is a polynomial of fourth order in Φ’s (a Higgs’ field potential term)
Lint(Φ, A˜) = habµaiH˜ig[a˜b˜]
(
CbcdΦ
c
a˜
Φd
b˜
− µbı̂f ı̂a˜b˜ − Φbd˜f d˜a˜b˜
)
(3.82)
where
g[a˜b˜] =
1
V2
∫
M
√
|g˜| dn1x g[a˜b˜] (3.83)
is the term describing non-minimal coupling between the scalar field F and the Yang–Mills’ field.
This term is also invariant with respect to the action of the groups H and G.
λc =
1
λ2
R˜(Γ˜ ) +
1
r2V2
∫
M
√
|g˜| R̂(Γ̂ ) dn1x = 1
λ2
R˜(Γ˜ ) +
1
r2
P˜ . (3.84)
The condition (3.73) can be explicitly solved (see Appendix A). One gets
Lnωm˜ =
gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜ −
(
ζ
gauge
∇ω Φna˜h0a˜d˜k0d˜m˜ + g˜(αµ)
gauge
∇α Φnm˜g[µω]
)
− 2ξζknd
gauge
∇ω Φdd˜g˜(δα)g[αω]h0d˜a˜k0a˜m˜ + ξknd
(
ζ2hd˜a˜
gauge
∇ω Φda˜k0d˜b˜k0m˜c˜h0c˜b˜
+
gauge
∇β Φdm˜g˜(δβ)g[δα]g[ωµ]g˜(αµ)
)− ξ2knbkbd(ζgauge∇ω Φda˜h0a˜b˜k0m˜b˜ + g˜(αβ)gauge∇a Φdm˜g[ωβ]) (3.85)
where
knb = hnahbpkap. (3.86)
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The condition (3.72) can be also explicitly solved. One gets
Lnw˜m˜ = H
n
w˜m˜ + µk
n
dH
d
w˜m˜ + ζ
(
h0a˜d˜Hna˜w˜k
0
d˜m˜ − h0a˜d˜Hna˜m˜k0a˜w˜
)
− 2µζ2h0d˜c˜h0a˜b˜Hdd˜a˜k0c˜w˜k0b˜m˜ − 2µζkndh0a˜p˜h0d˜b˜Hdb˜[w˜k0m˜]p˜k0d˜a˜
+ 2µ2ζknbkbdH
d
a˜[w˜k
0
m˜]p˜h
0p˜a˜. (3.87)
In this case a kinetic term for a scalar field takes a form
Lkin(
gauge
∇ Φ) = 1
V2
∫
M
√
|g˜| dn1x
[
ℓnkg
ωµgm˜p˜
gauge
∇µ Φkp˜
{gauge
∇ω Φnm˜ + ζknd
gauge
∇ω Φdm˜
− ζ
gauge
∇ω Φda˜h0a˜q˜k0q˜m˜ −
gauge
∇α Φam˜g˜(αµ)g[ηω] − 2ξζ
gauge
∇δ Φda˜kndg˜(δα)g[αω]hod˜q˜k0q˜m˜
− ξ(ζ2kndgauge∇ω Φda˜h0b˜q˜h0a˜w˜k0q˜m˜k0w˜b˜ + kndgauge∇β Φdm˜g˜(αν)g˜(βρ)g[νω]g[ρα])
+ ξ2
(
ζknbkbd
gauge
∇ω Φda˜h0a˜q˜k0q˜m˜ +
gauge
∇α Φdm˜g˜(αβ)g[βω]
)}]
. (3.88)
In the case of gµν = ηµν (a Minkowski space-time) one gets
Lkin(
gauge
∇ Φ) = 1
V2
∫
M
√
|g˜| dn1x
[
ℓnkg
m˜p˜
gauge
∇ω Φkp˜
{gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜
− ζ
gauge
∇ω Φda˜k0a˜m˜ − ξζ2kndk0b˜m˜k0a˜b˜
gauge
∇ω Φda˜ + ξ2ζknbkbdk0a˜m˜
gauge
∇ω Φda˜
}]
(3.89)
where
gauge
∇ω Φkp˜ = ηωµ
gauge
∇µ Φkp˜, k0a˜b˜ = h0a˜c˜k0c˜b˜.
The Higgs potential is given by
V (Φ) =
1
V2
∫
M
√
|g˜| dn1x
{
gw˜p˜gm˜q˜
[
hnkH
n
w˜m˜ + 2ζhnkH
n
d˜w˜k
0d˜
m˜
+ µζ
(
2knkH
n
d˜w˜k
0d˜
m˜ + ζ
(−2kkdHdd˜n˜k0d˜w˜k0a˜m˜ − kkdHdı˜w˜k0m˜a˜k0˜ıa˜ + kkdHdı˜m˜k0˜ıa˜k0w˜a˜)
+ ζ
(
knkk
n
dH
d
ı˜m˜k
0
w˜
r˜k˜ır˜ − 2knkkndHdd˜a˜k0d˜w˜k0a˜m˜ − knkkndHdı˜w˜k0m˜r˜k0˜ır˜
))
+ µ3ζ
(
knkk
nbkbdH
d
a˜w˜k
0
m˜
a˜ − knkknbkbdHda˜m˜k0w˜a˜
)]
Hkp˜q˜ − 2hcd
(
Hcp˜q˜g
[p˜q˜])(Hda˜b˜g[a˜b˜])} (3.90)
or
V (Φ) =
1
V2
∫
M
√
|g˜| dn1x
(
P kl
[p˜q˜][a˜b˜]Hkp˜q˜H
l
a˜b˜ − 2hkl
(
Hkp˜q˜g
[p˜q˜])(H la˜b˜g[a˜b˜]))
=
1
V2
∫
M
√
|g˜| dn1xQsk[c˜d˜][p˜q˜]Hsc˜d˜Hkp˜q˜. (3.91)
Q
[c˜d˜][p˜q˜]
sk = Q
[p˜q˜][c˜d˜]
ks = −Q[d˜c˜][p˜q˜]sk = −Q[c˜d˜][q˜p˜]sk = Q[d˜c˜][q˜p˜]sk
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where
P sk
[c˜d˜][p˜q˜] = g[c˜[p˜gd˜]q˜]hsk − 2ζhskk0[d˜|e˜|gc˜][p˜g|e˜|q˜] + µζ
(
−2kskk0[d˜|e˜|gc˜][p˜|e˜|q˜]
+ ζ
(
2kskk
0[c˜|e˜|k0d˜]f˜g
e˜[p˜g|f˜ |q˜] − kskk0e˜a˜k0[d˜|a˜|gc˜][p˜g|e˜|q˜] − kskk0[c˜|a˜|gd˜][q˜g|e˜|p˜]k0e˜a˜
))
+ µ2ζ
(
−kbskkbk0[d˜|a˜|gc˜[p˜g|a˜|q˜] − 2knsknkk0[c˜|e˜|k0d˜]f˜ge˜[p˜g|e˜|q˜] + ζ
(
knsknkk
0
a˜
r˜k0[c˜|r˜|ga˜[p˜gd˜]q˜]
+ ζ
(
knsknkk
0
a˜
r˜k0[c˜|r˜|ga˜[p˜a˜]q˜] − 2knsknkk0[c˜|e˜|k0d˜]f˜ge˜[p˜g|f˜ |q˜]
)))
+ µ3ζ
(−kbsknbknkk0e˜[d˜gc˜][p˜g|e˜|q˜] − kbsknbknkk0e˜[c˜g|e˜|[pgd˜]q˜])+ µ2g[c˜[p˜ga˜]q˜]kpskpk, (3.92)
Qsk
[c˜d˜][p˜q˜] = P sk
[c˜d˜][p˜q˜] − 2hskg[c˜d˜]g[p˜q˜].
Let us do some manipulations concerning physical dimensions. The connection ω on the fiber
bundle P has no correct physical dimensions. Let us pass in all formulas from ω to αs
1
~c ω,
ω 7→ αs 1
~c
ω, (3.93)
where ~ is a Planck constant, c is the velocity of light in the vacuum and αs is a dimensionless
coupling constant for the Yang–Mills’ field if this field couples to a matter. For example in the
electromagnetic case αs =
1√
137
. We use αg = α
2
s =
g2
~c where g is a coupling constant for a gauge
field. The redefinition of ω is equivalent to a usual treatment in local section e : V ⊃ U → P ,
e∗ω = g
~cA.
Let us notice that we do this redefinition for a connection ω, not only for ωE. This means that
we treat Higgs’ field as a part of Yang–Mills’ field (gauge field). This is a part of our geometrical
unification of fundamental interactions. One easily writes an integral of action
S = − 1
r2
∫ √−g d4x [R(W )
+
8πλ2α2s
4c~
(
LYM + 1
4πr2
Lkin − 1
8πr2
V (Φ)− 1
2πr2
Lint(Φ, A˜)
)
+ λc
]
. (3.94)
If we want to be in line with an ordinary coupling between gravity and matter we should put
8πλ2α2s
4c~
=
8πGN
c4
. (3.95)
One gets
λ =
2
αs
ℓpl =
2√
αg
ℓpl (3.96)
where ℓpl is the Planck length ℓpl =
√
GN~
c3 ≃ 10−33 cm. In this case we have
λc =
(α2s
ℓ2pl
R˜(Γ˜ ) +
P˜
r2
)
. (3.97)
Let us pass to spontaneous symmetry breaking and Higgs’ mechanism in our theory. In order
to do this we look for the critical points (the minima) of the potential V (Φ). However, our field
satisfies the constraints
Φc
b˜
f b˜ı̂a˜ − µaı̂Φba˜Ccab = 0. (3.98)
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Thus we must look for the critical points of
V ′ = V + ψı̂d˜c
(
Φc
b˜
f b˜ı̂a˜ − µaı̂Φba˜Ccab
)
(3.99)
where ψı̂d˜c is a Lagrange multiplier. Moreover, we should change dimensions of the scalar field Φ
a
a˜
in the potential. It is in the following exchange form
Hba˜b˜ = C
d
cdΦ
c
a˜Φ
d
b˜
− µbı̂f ı̂a˜b˜ − Φbc˜f c˜a˜b˜ (3.100)
to
Hba˜b˜ = αs
1√
~c
CdcdΦ
c
a˜Φ
d
b˜
− 1
αs
√
~c µbı̂f
ı̂
a˜˜b
− Φbc˜f c˜a˜b˜. (3.101)
It is easy to see that, if
Ham˜n˜ = 0 (3.102)
then
δV ′
δΦ
= 0 (3.103)
if (3.98) is satisfied.
This was noticed in Refs [42], [1] and it is known in the symmetric theory. Han˜m˜ is a part of
the curvature of ω over a manifold M . Thus it means that Φcrt satisfying Eq. (3.102) is a “pure
gauge”. If the potential V (Φ) is positively defined, then we have the absolute minimum of V
V (Φ0crt) = 0. (3.104)
But apart from this solution there are some others due to an influence of nonsymmetric metric
on H and M . The details strongly depend on constants ξ, ζ and on groups G,G0,H. There are
also some critical which are minima. Moreover, we expect the second critical point Φ1crt 6= Φ0crt
such that V (Φ1crt) 6= 0 and
Ham˜n˜(Φ
1
crt) 6= 0 (3.105)
δV ′
δΦ
(Φicrt) = 0, i = 0, 1. (3.106)
This means that Φ1crt is not a “pure gauge” and a gauge configuration connected to Φ
1
crt is not
trivial. This indicates that the local minimum is not a vacuum state. It is a “false vacuum” in
contradiction to “true vacuum” for the absolute minimum Φ0crt.
Now we answer the question of what is a symmetry breaking if we choose one of the critical
values of Φ0crt (we choose one of the degenerated vacuum states and the spontaneous breaking of
the symmetry takes place). In Ref. [42] it was shown that if Ham˜n˜ = 0 and Eq. (3.98) is satisfied
then the symmetry is reduced to G0. In the case of the second minimum (local minimum—false
vacuum) the unbroken symmetry will be in general different.
Let us call it G′0 and its Lie algebra g′0. This will be the symmetry which preserves Φ1crt and
the constraint (3.98). It is easy to see that the Lie algebra of this unbroken group preserves Φ1crt
under Ad-action. For the symmetry group V is larger than G (it is H) we expect some scalars
which remain massless after the symmetry breaking in both cases (i.e., i = 0, 1, “true” and false
vacuum case). They became massive only through radiative corrections. They are often referrred
as the pseudo-Goldstone bosons.
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Let us pass to the integral of action (3.94) in the two vacuum cases Φ0crt, Φ
1
crt. Let us expand
the Higgs’ field Φa˜a in the neighbourhood of (Φ
k
crt)
a
b˜
, k = 0, 1,
Φa
b˜
= (Φkcrt)
a
b˜
+ (ϕk)a
b˜
(3.107)
and apply this formula for e∗(
gauge
∇µ Φba˜):
e∗(
gauge
∇µ Φba˜) = e∗(
gauge
∇µ (ϕk)ba˜) + αs
1
~c
(
(Φkcrt)
a
a˜C
b
acα
c
jA˜
j
µ + (Φ
k
crt)
a
b˜
f b˜a˜jA˜
j
µ
)
(3.108)
and for V (Φ)
V (Φ) = V (Φkcrt) + V˜
k(ϕk), k = 0, 1, (3.109)
where V (Φkcrt) is the value for the critical value of Φ and V˜
k(ϕk) is the polynomial of fourth order
in ϕk. If we use Eq. (3.88) we get a mass matrix for vector bosons A˜jµ which strongly depends
on Φkcrt
NµνM2ij(Φ
k
crt)A˜
i
µA˜
j
ν . (3.110)
The matrix Nµν depends on gµν and in the case gµν = ηµν (Minkowski tensor) we have
Nµν = ηµν (3.111)
and
M2ij(Φ
k
crt) =
α2s
4πr2~c
1
V2
∫
M
√
|g˜| dn1x
{
ℓnpg
m˜p˜
(k)
B pβ(i
((k)
B dm˜j) + ξk
n
d
(k)
B dm˜j) − ζ
(k)
B da˜jk
0a˜
m˜
− ξζ2kndk0b˜m˜k0a˜b˜
(k)
B da˜j) + ξ
2ζknbkbdk
0a˜
m˜
(k)
B da˜j)
)}
, k = 0, 1, (3.112)
where
(k)
B bn˜i =
[
δm˜n˜C
b
msα
s
i + δ
b
mf
m˜
n˜i
]
[Φkcrt]
m
m˜ (M
2
ij = M
2
ji). (3.113)
In the case of a symmetric theory ℓab = hab, ga˜b˜ = h
0
a˜b˜ one gets
M2ij =
α2s
4πr2~c
1
V2
∫
M
√
|g˜| dn1x {hbnh0m˜p˜Bbp˜(iBnm˜j)}. (3.114)
Let us consider an expression
(Φkcrt)
m
n˜ C
b
msα
s
i + (Φ
k
crt)
b
m˜f
m˜
n˜i (3.115)
in order to find its interpretation. One easily notices that it equals to([
Ad′H(Yi) + Ad
′
G(Yi)
]
Φkcrt
)b
m˜
(3.116)
(Ad′H and Ad
′
G mean the adjoint representation of Lie algebras of H(h) and G(g), respectively).
Thus if k = 0 (3.115) equals zero for Yi ∈ g0 and if k = 1 (3.115) equals zero for Yi ∈ g′0. The
latest statement comes from the invariancy of the vacuum state with respect to the action if the
group G0 for k = 0 (G
′
0 for k = 1). Generators of g0 (g
′
0) should annihilate vacuum state. Thus
the matrix elements M2ij(Φ
k
crt) are zero for i, j corresponding to g0 (g
′
0).
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From the invariancy of the potential V with respect to the action of the group G one gets
∂2V
∂Φbn˜∂Φ
d
d˜
∣∣∣
Φ=Φkcrt
(
T bn˜
c
c˜
)
i
[Φkcrt]
c˜
c = 0 (3.117)
where (
T bn˜
c
c˜
)
i
[Φkcrt]
c˜
c = [Φ
k
crt]
m
n˜C
b
msα
s
i + [Φ
k
crt]
b
m˜f
m˜
n˜i. (3.118)
Eigenvalues of M2ij(Φ
k
crt) are the squares of the masses of the gauge bosons. The secular equation
det(M2−m2I) = 0 gives us a mass spectrum of massive vector bosons. Thus there is an orthogonal
matrix (Aij) = A such that A
T = A−1 and
A−1M2(Φkcrt)A =
∣∣∣∣∣∣∣∣
m21(Φ
k
crt) . . . 0
...
. . .
...
0 . . . m2lk(Φ
k
crt)
∣∣∣∣∣∣∣∣ , (3.119)
l0 = n1, l1 = dimG− dimG′0.
In this way we transform the broken vector fields into massive vector fields
B˜i
′
µ =
lk∑
j=1
Ai
′
jA˜
j
µ (3.120)
such that
ηµν
lk∑
j=1
m2j (Φ
k
crt)B˜
j
µB˜
j
ν = η
µνM2ij(Φ
k
crt)A˜
i
µA˜
j
ν . (3.121)
Moreover, we should remember the formula (3.98) which is a constraint on Higgs’ field. The mass
matrix of masses for Higgs’ bosons can be obtained in a similar way,
V (Φ) = V (Φkcrt) +
δV
2δΦaa˜δΦ
b
b˜
ϕaa˜ϕ
b
b˜ + . . . (3.122)
The matrix
m2(Φkcrt)
a˜
a
b˜
b = −
δ2V
δΦaa˜δΦ
b
b˜
∣∣∣
Φ=Φkcrt
(3.123)
can be calculated for k = 0. One gets
m2h˜f
e˜
a =
−1
8πr2V2
∫
M
{
8α2s
~c
Qsk
[e˜a˜][n˜q˜]CsacC
k
ef (Φ
0
crt)
c
a˜(Φ
0
crt)
e
q˜ − 2
αs√
~c
Qas
[p˜q˜][n˜a˜]f e˜p˜q˜C
s
ef (Φ
0
crt)
e
a˜
+
4αs√
~c
Qsf
[e˜a˜][p˜q˜]f n˜p˜q˜C
s
ea(Φ
0
crt)
a
a˜ +Qaf
[c˜d˜][p˜q˜]f ec˜d˜f
n˜
p˜q˜
}√
|g˜| dn1x. (3.124)
For k = 1, Hap˜q˜(Φ
1
crt) 6= 0 and Φ1crt (if exists) satisfies the following equation
2αs√
~c
Qsk
[e˜a˜][p˜q˜]Csac(Φ
1
crt)
c
a˜ = Qak
[c˜d˜][p˜q˜]f e˜c˜d˜ (3.125)
42
and the supplementary condition (3.98).
A mass matrix for Higgs’ bosons looks like
m2h˜f
e˜
a =
−1
8πr2V2
∫
M
(
4αs√
~c
Qsk
[e˜h˜][p˜q˜]Hkp˜q˜(Φ
1
crt)C
s
af
)√
|g˜| dn1x. (3.126)
We can diagonalize the mass matrix and we get
m2(Φkcrt)
a
a˜
b
b˜ϕ
a˜
aϕ
b˜
b =
lk∑
j=1
m2j(Φ
k
crt)
a
a˜
ψaa˜ψ
a
a˜ (3.127)
where
ψaa˜ =
∑
b,b˜
Ab˜b
a˜
aϕb˜
b. (3.128)
For the mass matrix one has
(A−1)c˜c
a
a˜m
2(Φkcrt)
a˜
a
b˜
bA
d˜
d
b
b˜ = (m
2(Φkcrt)
c˜
c)δ
d˜
c˜δ
c
d. (3.129)
The eigenvalue problem for m2(Φkcrt) can be posed as follows
m2(Φkcrt)
a˜
a
b˜
bX
a
a˜ = m
2(Φkcrt)X
b˜
b. (3.130)
One gets the mass spectrum of Higgs’ particles from the secular equation
det
(
[m2(Φkcrt)]
a˜
a
b˜
b −m2(Φkcrt)I a˜ab˜b
)
= 0 (3.131)
where
I a˜a
b˜
b = δabδ
a˜b˜. (3.132)
The diagonalization procedure of the matrix m2(Φkcrt)
a˜
a
b˜
b can be achieved in the two follow-
ing ways. The matrix defines a quadratic form on the representation space N for Higgs’ field.
Moreover, the space N can be decomposed into Higgs’ multiplets mj and according to this de-
composition the matrix can be written in a block diagonal form
[m2(Φkcrt)] =
∑
j
⊕m2j(Φkcrt). (3.133)
We can diagonalize every matrix m2j(Φ
k
crt) corresponding to the multiplet mj .
Let us consider a problem of the Higgs’ multiplet Φca˜ on E. One can find a representation
space N of Φca˜ in the following way (see Ref. [45]). Let
AdG →
∑
i
⊕ni ⊕AdG0 (3.134)
be the decomposition of the adjoint representation of G, where ni are irreducible representations
of G0 and let us consider the branching rule of AdH
AdH →
∑
j
⊕(n′j ⊗mj) (3.135)
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where n′j are irreducible representations of G0 and m
′
j are irreducible representations of G. The
latest formula comes from the known fact G0 ⊗ G ⊂ H. Thus for every pair (ni, n′j) where ni
and n′j are identical irreducible representations of G0 there is an mj multiplet of Higgs’ field on E.
In this way we can decompose Φ into a sum
Φ =
∑
(ni,n′j)
⊕Φ(ni,nj)mj (3.136)
or
N =
∑
(ni,n′j)
⊕mj. (3.137)
Thus the multiplet of Higgs’ field is quite complicated in contradiction to the usual case where
the Higgs’ field belongs to the adjoint representation of chosen group. Moreover, in our case we
have to do with smaller number of parameters in the theory. The theory is established by a
coupling constant αs, a radius r, parameters coming from the nonsymmetricity of the theory ξ, ζ,
a homomorphism µ, an embedding of G in H, αci (g in h) and an embedding of G0 in G (i.e. the
manifold M).
The second way of diagonalization of the matrix [m2(Φkcrt)] is based on the following observa-
tion.
The matrix m2(Φkcrt)
a˜
a
b˜
b can be transformed into a different matrix (n1n)× (n1n) forming an
index from two indices a˜ and a
a = αa+ βa˜+ γ (3.138)
where α, β, γ are integers. The new index a should be unambigous. Thus we must choose α, β, γ
in such a way that for every a ∈ Nn1n1 the equation (3.138) has only one solution for a ∈ Nn1 ,
a˜ ∈ Nn11 .
After this we diagonalize [m2(Φkcrt)] as an ordinary matrix. What is a scale of masses in our
theory? It is easy to see that
mA˜ =
αs
r
(~
c
)
(3.139)
is this scale where mA˜ is a typical vector boson mass obtained due to Higgs’ mechanism.
Let us consider the following decomposition of the connection ωE defined on the principal
fiber bundle Q:
ωE = ω
0
E + σE , ω
0
E ∈ g0, σE ∈ m, (3.140)
corresponding to the decomposition of the Lie algebra g,
g = g0+˙m.
In this way we consider a reduction of a bundle Q to Q0 induced by an embedding of G0 into G.
The form ω0E is a connection defined on Q0 and σE is a tensorial form defined on Q(E,G). We
suppose that the reduction of the bundle Q to Q0 is possible.
The form ω0E corresponds to the Yang–Mills’ field (massless vector bosons) which remains
after symmetry breaking. The tensorial form σE corresponds to massive vector bosons.
One gets for the curvature form
ΩE = Ω
0
E +D
0σE + [σE , σE ], (3.141)
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where Ω0E is a curvature form for ω
0
E and D
0 means a covariant exterior derivative with respect
to ω0E. Thus
Ω0E =
1
2
H˜ ı̂µνθ
µ ∧ θνβiı̂Yi (3.142)
σE = σ
a˜Ya˜ (3.143)
e∗D0σE =
gauge
∇0[µ σaν]θµ ∧ θνYa˜ (3.144)
gauge
∇0[µ σaν] = ∂[µσaν] +
g
~c
f a˜b˜iβ
i
ı̂σ
b˜
[νA˜
ı̂
µ] (3.145)
σ∗σE = σa˜νθνYa˜ = σiνβa˜iYa˜, (3.146)
e∗ω0E = A˜iµβiı̂θ
µYi (3.147)
where e is a local section of the principal bundle Q, matrices βa˜i, β
i
ı̂ define an embedding of g0
into g,
gauge
∇0µ means a gauge derivative with respect to a connection ω0E .
If the symmetry is broken from G to G′0 we have a different decomposition
ωE = ω
′0
E + σ
′
E. (3.148)
One can easily connect σE or σ
′
E with B˜ (i.e. fields with defined non-zero rest mass, because A˜
have not defined masses) fields. One gets
e∗σE =
g
~c
B˜i
′
µθ
µYi′ (3.149)
where
Yi′ = (A
−1)ii′Yi = (A
−1)ii′β
a˜
iYa˜. (3.150)
The matrix A is defined by (3.119). The same holds for σ′E.
Let us consider the following gauge transformation, i.e. a change of a local section of Q from
e to f ,
e(x) =
(k)
U −1(x)f(x), (3.151)
where
(k)
U (x) = exp
(∑
aˇ
(k)
η aˇ(x)Yaˇ
)
(3.152)
for k = 0, Yaˇ ∈ m, i.e. aˇ = a˜; for k = 1, Yaˇ ∈ m, and
(k)
η aˇ(x) is a multiplet of scalar fields on E
transforming according to the AdG0 (AdG
′
0). Yaˇ span m or m
′ (k = 0 or k = 1). Such a gauge
transformation (a condition) is a “unitary gauge”.
Let us consider the following parametrization of the Higgs’ field
Φca˜ = AdG(
(k)
U (x))a˜
′
a AdH(
(k)
U (x))c˜c′
(
(Φkcrt)
c′
a˜′ +
(k)
ϕ c
′
a˜′(x)
)
. (3.153)
We transform Higgs’ and gauge fields(
Φ
(k)
U
)c
a˜
= AdH(
(k)
U −1)cc′ AdG(
(k)
U −1)a˜
′
a˜ Φ
c′
a˜′ = (Φ
k
crt)
a
a˜ +
(k)
ϕ ca˜(x) (3.154)
B˜′iµ(x)Yi = AdH(
(k)
U (x))ijB˜
j
µYi − ~c
g
∂µ
(k)
U (x)
(k)
U −1(x). (3.155)
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One easily gets
gauge
∇0µ Φca˜ = AdH(
(k)
U (x))cc′AdG(
(k)
U −1(x))a˜
′
a˜
gauge
∇0µ
(
Φ
(k)
U )c′
a˜′
. (3.156)
On the level of a tensorial form one gets
f∗
(k)
σ E = AdG(
(k)
U −1(x))
(
e∗
(k)
σ E − d
(k)
U (x)
(k)
U −1(x)
)
(3.157)
and
LYM(A˜) = LYM(B˜) = LYM(B˜′). (3.158)
It is important to notice that we should consider a local section for ℓij , i.e. aij = e
∗ℓij in
the lagrangian for the Yang–Mills’ field. The fields B˜′ are massive with the same masses as B˜.
The important point to notice is that the full lagrangian is still G-gauge invariant. Moreover,
a choice of a particular value of Φkcrt (which is G0 invariant) reduces symmetry from G to G0
(spontaneously). The fields ηaˇ(x) disappear. They are eaten by the gauge transformation and
due to this the massive vector fields have three polarization degrees of freedom. Sometimes ηaˇ(x)
are called “would-be Goldstone bosons”. In the matrix of masses they correspond to zero modes.
Let us come back to field equations in our theory. From the Palatini variational principle for
the action S (see Eqs (3.77)–(3.78)) one gets (variation with respect to W λµ, gµν , ωE and Φ)
Rµν(W )− 1
2
gµνR(W ) =
8πGN
c4
(gauge
Tµν + Tµν(Φ) +
int
Tµν + gµνΛ
)
(3.159)
∼g
[µν]
,ν
= 0 (3.160)
∇νg[µν] = 0 (3.161)
gµν,σ − gξνΓ ξµσ − gµξΓ ξσν = 0 (3.162)
gauge
∇ (ℓ˜ij∼˜Liαµ) = 2∼g
[αβ]
gauge
∇β (h˜ijg[µν]H˜ iµν)
+
2
r2
√−g αs√
~c
[
ℓabg
b˜n˜gµαLaµb˜
(
Φdc˜C
b
dcα
c
j + Φ
b
a˜f
a˜
n˜j
)
+
( δLaβb˜
δ
gauge
∇α Φwv˜
)
ℓabg
b˜n˜gβµ(
gauge
∇µ Φbn˜)
(
Φdw˜C
w
dcα
c
j + Φ
w
a˜ f
a˜
nj
)]
av
+
4
r2
√−g habµak ℓ˜ij ℓ˜kig˜[a˜b˜]
gauge
∇µ
{
g[µα]
[√
~c
αs
CbcdΦ
c
a˜Φ
d
b˜
− αs
(
~
c
µbı̂f
ı̂
a˜b˜ −
αs
~c
Φb
d˜
fda˜b˜
)]}
. (3.163)
gauge
∇µ (ℓab∼Laµb˜)av = −
√−g
2r2
{( δV ′
δΦbn˜
)
gb˜n˜
+ 2
√−g µei(H˜ iµνg[µν])hed
(2√~c
αs
g[a˜n˜]CdcbΦ
c
a˜gb˜n˜ −
αs√
~c
g[c˜d˜]f n˜c˜d˜gb˜n˜
)}
(3.164)
where
gauge
Tαβ = − ℓ˜ij
4π
{
gγβg
τρgεγL˜iραL˜
j
τε − 2g[µν]H˜(iµνH˜j)αβ
− 1
4
gαβ
(
L˜iµνH˜jµν − 2(g[µν ]H˜ iµν)(g[γσ]H˜jγσ)
)}
(3.165)
46
is the energy momentum tensor for the gauge (Yang–Mills’) field with a zero trace
gauge
Tαβ g
αβ = 0 (3.166)
Tµν(Φ) =
1
4πr2
(
ℓabg
b˜n˜Laµb˜
gauge
∇v Φbn˜
)
av
(3.167)
− 1
2
gµν
(
− 1
8πr4
V (Φ) +
1
4πr2
ℓab(g
bn˜gαβLaαb˜
gauge
∇β Φbn˜)av
)
. (3.168)
It is an energy-momentum tensor for a Higgs’ field
int
Tµν = − 1
2πr2
habµ
a
ı̂H˜
i
µν
(
g˜[a˜b˜]
(√
~c
αs
CbcdΦ
c
a˜Φ
d
b˜
− αs√
~c
µbı̂f
ı̂
a˜b˜ −
αs√
~c
Φb
d˜
f d˜a˜b˜
))
av
+
gµν
4πr2
[
habµ
a
iH˜
i
αβg
[αβ]g˜[a˜b˜]
(√
~c
αs
CbcdΦ
c
a˜Φ
d
b˜
− αs~
c
µbı̂f
ı̂
a˜b˜ −
αs√
~c
Φb
d˜
f d˜a˜b˜
)]
av
. (3.169)
It is an energy-momentum tensor corresponding to the non-minimal interaction term Lint(A˜, Φ).
Λ =
c4
16πGN
(α2sR˜(Γ˜ )
ℓ2pl
+
P˜
r2
)
=
16πGN
c4
λc. (3.170)
It plays a role of the “cosmological constant”
∼˜L
iµν =
√−g gβνgγν L˜iβγ (3.171)
∼g
[µν] =
√−g g[µν] (3.172)
(. . . . . . )av =
1
V2
∫
M
√
|g˜| dxn1 (. . . . . . ). (3.173)
We can write
gauge
∇µ (ℓ˜ij ∼˜Liαµ) =
√−g
gauge
∇µ (ℓ˜ijL˜iαµ) (3.174)
where
gauge
∇µ means a covariant derivative with respect to a connection ωαβ on E and ωE at once.
Let us come back to the equation of motion for test particles in our theory. According to
the usual interpretation we write down a geodetic equation on P with respect to a Levi-Civita
connection induced by a symmetric part of κ(A˜B˜).
One writes
uA˜∇˜A˜uB˜ = 0 (3.175)
where ∇˜A˜ means a covariant derivative with respect to a Levi-Civita connection induced by κ(A˜B˜)
on P .
One finds
D˜uα
dτ
+
( qc
m0
)
uβhcdg˜
(αδ)Hdβδ +
( qc
m0
)
ub˜hcdg˜
(αδ)
gauge
∇δ Φdb˜ = 0 (3.176)
D˜ua˜
dτ
+
1
r2
( qc
m0
)
uβhcdh
0a˜d˜
gauge
∇β Φdd˜ +
1
r2
( qc
m0
)
ub˜hcdh
0a˜d˜Hdd˜b˜ = 0 (3.177)
d
dτ
( qb
m0
)
= 0 (3.178)
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where D˜ means a covariant derivative along a line with respect to the connection ω˜αβ on E.
D˜ means a covariant derivative along a line with respect to the connection ω˜ab on G/G0 (r =
const),
uA˜ = (uα, ua˜, ua) (3.179)
2ua =
qa
m0
, (3.180)
qa is a Yang–Mills’ charge known from the Non-Abelian Kaluza–Klein Theory (color (isotopic)
charge), uα is a four-velocity of a test particle.
ua˜ is a charge associated with a Higgs’ field. This charge transforms according to the properties
of a complement m with respect to G0 and G. Eq. (3.177) describes a movement of a test particle
in a gravitational, gauge and Higgs’ field. Eq. (3.178) is an equation for a charge associated
with Higgs’ field. This charge describes a coupling between a test particle and a Higgs’ field.
Eq. (3.179) has a usual meaning (a constancy of a color (isotopic) charge). In this way we get a
generalization of Kerner–Wong–Kopczyński equation to the presence of a Higgs’ field. We have a
normalization of a four-velocity uα, g(αβ)u
αuβ = 1.
Let us project the equation on a space-time E, i.e. we take a section e : E → P . One gets
D˜uα
dτ
+
(Qc
m0
)
uβ g˜(αδ)F dβδ +
(Qc
m0
)
ub˜hcdg˜
(αδ)e∗(
gauge
∇δ Φdb˜) = 0 (3.181)
D˜ua˜
dτ
+
1
r2
(Qc
m0
)
uβhcdh
0a˜d˜e∗(
gauge
∇β Φdd˜) +
1
r2
(Qc
m0
)
ub˜hcdh
0a˜d˜e∗(Hdd˜b˜) = 0 (3.182)
e∗ω = AaµθµXa + Φab˜ θ˜
bXa (3.183)
e∗(qcXc) = QcXc. (3.184)
Equation (3.178) takes the form
dQa
dτ
− CacbQcAbNuN = 0,
or
dQa
dτ
− CacbQcAbνuν − CacbQcΦbn˜un˜ = 0,
(3.185)
g˜(αβ) is defined by Eq. (2.25).
Let us consider a Nonsymmetric Hermitian Kaluza–Klein Theory with spontaneous symmetry
breaking. We should introduce an Hermitian tensor on the manifold V = E ×M = E × G/G0.
It is
γAB =
(
gµν 0
0 r2ga˜b˜
)
(3.186)
but now
ga˜b˜ = h
0
a˜b˜ + iζk
0
a˜b˜ (3.187)
g∗
a˜b˜
= gb˜a˜ (3.188)
and
γ∗AB = γBA. (3.189)
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The tensor (in a nonholonomic frame)
κA˜B˜ =
(
γAB 0
0 ℓab
)
(3.190)
is such that
ℓab = hab + iξkab (3.191)
ℓ∗ab = ℓba (3.192)
and
κ∗˜
AB˜
= κB˜A˜. (3.193)
The connection Γ A˜B˜C˜ is compatible with κA˜B˜ and we have
Γ ∗N˜M˜W˜ = Γ
N˜
W˜ M˜ + (Γ˜
N˜
M˜W˜ − Γ˜ N˜W˜M˜ ) (3.194)
where N˜ , M˜ , W˜ = 1, 2, 3, . . . , (m+ 4).
All the formulae derived here (in this section) are the same but we should consider g[µν] as a
pure imaginary tensor and put iζ in place of ζ and iξ in place of ξ.
The Ricci (Moffat–Ricci) tensor and all energy-momentum tensors are Hermitian.
Γ˜ N˜M˜W˜ is a connection generated by κ(A˜B˜). In this theory we can consider Kähler structures
on M = G/G0.
In the case of the Nonsymmetric Kaluza–Klein Theory with a spontaneous symmetry breaking
and Higgs’ mechanism we have more possibilities. We can have a complex Hermitian structure
as we describe above or a hypercomplex Hermitian structure on a P manifold. Moreover, we can
define on M = G/G0 a hypercomplex Hermitian metric tensor or a complex Hermitian metric.
This means that we have ξ 7→ Iξ and ζ 7→ iζ (a pure imaginary). The last possibility seems to
be very interesting for we get Hermitian Theory with a mixture of hypercomplex and ordinary
complex. In this way we get two disconnected real structures on E (a space-time) coupled to
Yang–Mills’ fields and to a Higgs’ field. For a base manifold V = E ×M is a Cartesian product
of E and M we have to do effectively with a real version and only on M a tensor is complex
(Hermitian). In some cases the geometry of a whole space is effectively real and only on M we
have even Kählerian geometry.
4 GSW (Glashow–Salam–Weinberg) model in the Nonsymmet-
ric Kaluza–Klein Theory
Let P be a principal fiber bundle
P = (P, V, π,H,H) (4.1)
over the base space V = E × S2 (where E is a space-time, S2—a two-dimensional sphere) with a
projection π, a structural group H, a typical fiber H and a bundle manifold P . We suppose that
H is semisimple. Let us define on P a connection ω which has values in a Lie algebra of H, h. Let
us suppose that a group SO(3) is acting on S2 in a natural way. We suppose that ω is invariant
with respect to an action of the group SO(3) on V in such a way that this action is equivalent to
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SO(3) action on S2. This is equivalent to the condition (3.23). If we take a section e : E → P we
get
e∗ω = AaAθAXa = AAθA (4.2)
where θA is a frame on V and Xa are generators of the Lie algebra h.
[Xa,Xb] = C
c
abXc. (4.3)
We define a curvature of the connection ω
Ω = dω +
1
2
[ω, ω]. (4.4)
Taking a section e
e∗Ω =
1
2
F aABθ
A ∧ θBXa = 1
2
FABθ
A ∧ θB (4.5)
F aAB = ∂AA
a
B − ∂BAaA − CacbAcAAcB. (4.6)
Let us consider a local coordinate systems on V . One has xA = (xµ, ψ, ϕ) where xµ are
coordinate system on E, θµ = dxµ, and ψ and ϕ are polar and azimuthal angles on S2, θ5 = dψ,
θ6 = dϕ. We have A,B,C = 1, 2, . . . , 6, µ = 1, 2, 3, 4. Let us introduce vector fields on V
corresponding to the infinitesimal action of SO(3) on V (see Ref. [43]). These vector fields are
called δm = (δ
A
m), m = 1, 2, 3, A = 1, 2, . . . , 6. Moreover, they are acting only on the last two
dimensions (A,B = 5, 6, a˜, b˜ = 5, 6). We get:
δµm¯ = 0 and
δψ1 = cosϕ, δ
ϕ
1 = − cotψ sinϕ,
δψ2 = − sinϕ, δϕ2 = − cotψ cosϕ,
δψ3 = 0, δ
ϕ
3 = 1.
(4.7)
They satisfy commutation relation of the Lie algebra A1 of a group SO(3),
δAm¯∂Aδ
B
n¯ − δAn¯ ∂AδBm¯ = εm¯n¯p¯δBp¯ . (4.8)
The gauge field AA is spherically symmetric (invariant with respect to an action of a group SO(3))
iff for some Vm¯—a field on V with values in the Lie algebra h—
∂Bδ
A
m¯AA + δ
A
m¯∂AAB = ∂BVm¯ − [AB , Vm¯]. (4.9)
It means that
L
δm¯
AA = ∂BVm¯ − [AA, Vm¯], (4.10)
a Lie derivative of AA with respect to δm¯ results in a gauge transformation (see also Eq. (3.23)).
Eq. (4.10) is satisfied if
V1 = Φ3
sinϕ
sinψ
, V2 = Φ3
cosϕ
sinψ
, V3 = 0 (4.11)
50
and
Aµ = Aµ(x), Aψ = −Φ1(x) = A5 = Φ5, Aϕ = Φ2(x) sinψ − Φ3 cosψ = A6 = Φ6 (4.12)
with the following constraints
[Φ3, Φ1] = −Φ2,
[Φ3, Φ2] = Φ1,
[Φ3, Aµ] = 0.
(4.13)
Aµ, Φ1, Φ2 are fields on E with values in the Lie algebra of H(h), Φ3 is a constant element of
Cartan subalgebra of h. Let us introduce some additional elements according to the Nonsymmetric
Hermitian Kaluza–Klein Theory. According to Section 3 we have on E a nonsymmetric Hermitian
tensor gµν , connections ω
α
β and W
α
β. On S
2 we have a nonsymmetric metric tensor
γa˜b˜ = r
2ga˜b˜ = r
2(h0a˜b˜ + ζk0a˜b˜) (4.14)
where r is the radius of a sphere S2 and ζ is considered to be pure imaginary,
h0a˜b˜ =
(
−1 0
0 − sin2 ψ
)
(4.15)
k0a˜b˜ =
(
0 sinψ
− sinψ 0
)
(4.16)
and a connection compatible with this nonsymmetric metric
ga˜b˜ =
5 6(
−1 ζ sinψ
−ζ sinψ − sin2 ψ
)
5
6
(4.17)
g˜ = det(ga˜b˜) = sin
2 ψ(1 + ζ2) (4.18)
ga˜b˜ =
1
sin2 ψ(1 + ζ2)
5 6(
− sin2 ψ −ζ sinψ
ζ sinψ −1
)
5
6
, (4.19)
a˜, b˜ = 5, 6. In this way we have to do with Kählerian structure on S2 (Riemannian, symplectic and
complex which are compatible). This seems to be very interesting in further research connecting
unification of all fundamental interactions. On H we define a nonsymmetric metric
ℓab = hab + ξkab (4.20)
where kab is a right-invariant skew-symmetric 2-form on H.
One can rewrite the constraints (4.13) in the form
[Φ3, Φ] = iΦ
[Φ3, Φ˜] = −iΦ˜
[Φ3, Aµ] = 0
(4.21)
where Φ = Φ1 + iΦ2, Φ˜ = Φ1 − iΦ2 (see Ref. [43]).
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In this way our 6-dimensional gauge field (a connection on a fiber bundle) has been reduced to
a 4-dimensional gauge one (a connection on a fiber bundle over a space-time E) and a collection of
scalar fields defined on E satisfying some constraints. According to our approach there is defined
on S2 a nonsymmetric connection compatible with a nonsymmetric tensor ga˜b˜, a˜, b˜ = 5, 6,
D̂ga˜b˜ = ga˜d˜Q
d˜
b˜c˜(Γ̂ )θ
c˜
Qd˜b˜d˜(Γ˜ ) = 0
(4.22)
where D̂ is an exterior covariant derivative with respect to a connection ω̂a˜b˜ = Γ̂
a˜
b˜c˜θ
c˜ and Qd˜b˜c˜(Γ̂ )
its torsion.
Let us metrize a bundle P in a nonsymmetric way. On V we have nonsymmetric tensor (see
Ref. [1])
γAB =
(
gµν 0
0 r2ga˜b˜
)
(4.23)
and a nonsymmetric connection ωAB = Γ
A
BCθ
C compatible with this tensor
DγAB = γADQ
D
BC(Γ )θ
C
QDBD(Γ ) = 0.
(4.24)
The form of this connection is as follows
ωAB =
(
ωαβ 0
0 ω̂a˜b˜
)
(4.25)
where D is an exterior covariant derivative with respect to ωAB and Q
D
BC(Γ ) its torsion.
Afterwards we define on P a nonsymmetric tensor
κA˜B˜θ
A˜ ⊗ θB˜ = π∗(γABθA ⊗ θB) + ℓabθa ⊗ θb (4.26)
where
θA˜ = (π∗(θA), λωa), (4.27)
ω = ω0Xa is a connection defined on P (A˜, B˜, C˜ = 1, 2, . . . , n+ 6).
We define on P two connections ωAB and W
A
B such that ω
A
B is compatible with a nonsym-
metric tensor κA˜B˜ ,
DκA˜B˜ = κA˜D˜Q
D˜
B˜C˜(Γ )θ
C˜
QD˜B˜D˜(Γ ) = 0,
(4.28)
where D is an exterior covariant derivative with respect to a connection ωA˜B˜ and Q
D˜
B˜C˜(Γ ) its
torsion.
The second connection
W A˜B˜ = ω
A˜
B˜ −
4
3(n + 4)
δA˜B˜W (n = dimH). (4.29)
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In this way we have all quantities known from Section 3. We calculate a scalar of curvature
(Moffat–Ricci) for a connection W A˜B˜ and afterwards an action
S = − 1
V1V2
∫
U
√−g d4x
∫
H
√
|ℓ| dnx
∫
S2
√
|g˜| dΩ R(W )
= − 1
r2V1V2
∫
U
√−g d4x
∫
S2
√
|g˜| dΩ
(
R(W )
+
8πGN
c4
(
LYM + 1
4πr2
Lkin(∇Φ)− 1
8πr2
V (Φ)− 1
2πr2
Lint(Φ, A˜)
)
+ λc
)
(4.30)
where V1 =
∫
U
√|ℓ| dnx, V2 = ∫S2 √|g˜| dΩ, U ⊂ E,
λc =
(α2s
ℓ2pl
R˜(Γ˜ ) +
1
r2
P˜
)
(4.31)
where R˜(Γ˜ ) is a Moffat–Ricci curvature scalar on a group H (see Section 3 for details).
P˜ =
1
V2
∫
S2
√
|g˜| dΩ R̂(Γ̂ ) (4.32)
where R̂(Γ̂ ) is a Moffat–Ricci curvature scalar on S2 for a connection ω̂a˜b˜.
LYM = − 1
8π
ℓij
(
H˜(iH˜j) − L˜iµνH˜jµν
)
(4.33)
where
ℓijgµβg
γµL˜iγα + ℓjigαµg
µγL˜iβγ = 2ℓjigαµg
µγH˜ iβγ (4.34)
One gets from (3.45)
Lba˜b˜ = h
bcℓcdH
d
b˜a˜, (4.35)
V (Φ) = − 1
V2
∫ √
|g˜| dΩ (2hcd(Hca˜b˜ga˜b˜)(Hdc˜d˜gc˜d˜)− ℓcdga˜m˜gb˜n˜Lca˜b˜Hdm˜n˜)
=
1
V2
2π2√
1 + ζ2
κ
(
(εr¯s¯t¯Φt¯ + [Φr¯, Φs¯]), (εr¯s¯t¯Φt¯ + [Φr¯, Φs¯])
)
(4.36)
κde = (1− 2ζ2)hde + ξ2kcdkce (4.37)
where
kcd = h
cfkfd (4.38)
V2 =
∫
S2
√
|g˜| dΩ = 4π
√
1 + ζ2, (4.39)
r, s, t = 1, 2, 3, εr¯s¯t¯ is a usual antisymmetric symbol ε123 = 1.
We get also from (3.45)
ℓdcgµβg
γµLdγa˜ + ℓcdL
d
βa˜ = 2ℓcdF
c
βa˜. (4.40)
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Using Eq. (3.85) one gets
Lnωm˜ =
gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜ − g˜(αµ)
gauge
∇α Φnm˜g[µω]
+ ξknd
gauge
∇β Φdm˜g˜(δβ)g[δα]g[ωµ]g˜(αµ) − ξ2knbkbdg˜(αβ)
gauge
∇ Φdm˜g[ωβ]. (4.41)
Moreover, now we have to do with Minkowski space gµν = ηµν and
Lnωm˜ = H
n
ωm˜ + ξk
n
dH
d
ωm˜. (4.42)
We remember that m˜ = 5, 6 or ϕ,ψ and that
Hnµm˜ =
gauge
∇µ Φnm˜. (4.43)
We have
Lkin(Hnµm˜) = 1
V2
∫ √
|g˜| dΩ (ℓabηβµLaβb˜Hbµa˜gb˜a˜). (4.44)
Finally we get
Lkin(∇µΦm¯) = 2π
2
V2
ηµν√
1 + ζ2
κ¯
(gauge∇µ Φm¯, gauge∇ν Φm¯) (4.45)
κad = (had + ξ
2kabk
b
d) (4.46)
where
gauge
∇µ Φm¯ = ∂µΦam¯ − [Aµ, Φm¯]. (4.47)
Now we follow Ref. [43] and suppose rankH = 2 and afterwards H = G2. In this way our
lagrangian can go to the GSW model where SU(2)×U(1) is a little group of Φ3 (see Appendix B).
We get also a Higgs’ field complex doublet and spontaneous symmetry breaking and mass gen-
eration for intermediate bosons. For simplicity we take ξ = 0 and also we do not consider an
influence of the nonsymmetric gravity on a Higgs’ field. We get also a mixing angle θW (Weinberg
angle). If we choose H = G2 we get θW = 30
◦. We get also some predictions of masses
MH
MW
=
1
cos θW
·
√
1− 2ζ2 (4.48)
where ζ is an arbitrary constant
MH
MW
=
2
√
1− 2ζ2√
3
. (4.49)
We take MH ≃ 125GeV and MW ≃ 80GeV (see Refs [51, 52, 53, 54, 55]).
One gets
ζ = ±0.911622i. (4.50)
Thus ζ is pure imaginary. This means we can explain mass pattern in GSW model. r gives us a
scale of mass and is an arbitrary parameter.
Moreover, a scale of energy is equal to M = ~c
r
√
2π
√
1+ζ2
which we equal to MEW (electro-
weak) energy scale, i.e. toMW . One gets r ≃ 2.39×10−18 m. In the original Manton model Higgs’
54
boson is too light. We predict here masses for W,Z0 and Higgs bosons in the theory taking two
parameters, ζ (Eq. (4.50)) and r ≃ 2.39× 10−18m in order to get desired pattern of masses. The
value of the Weinberg angle derived here for H = G2 has nothing to do with “GUT driven” value
1
4 for
1
4 is a value of our sin
2 θW , not sin θW . According to Ref. [43] a Lie group H should have
a Lie algebra h with rank 2. We have only three possibilities: G2, SU(3) and SO(5). The angle
between two roots plays a role of a Weinberg angle. For SO(5) θ = 45◦ and for SU(3) θ = 60◦.
Only for G2, θ = θW = 30
◦, which is close to the experimental value. In this way a unification
chooses H = G2.
Let us notice that dimG2 = 14 and for this dimP = 20.
Moreover, we have
MZ =
MW
cos θ
=
MW
cos θW
=
2√
3
MW ≃ 92.4 (4.51)
and we get from the theory
sin2 θW = 0.25 (θW = 30
◦). (4.52)
However from the experiment we get
sin2 θW = 0.2397 ± 0.0013 (4.53)
which is not 0.25.
Moreover, from theoretical point of view the value 0.25 is a value without radiation corrections
and it is possible to tune it at Q = 91.2GeV/c in the MS scheme to get the desired value.
Let us notice the following fact. In the electroweak theory we have a Lagrangian for neutral
current interaction
LN = qJemµ Aµ +
g
cos θW
(J3µ − sin2 θWJemµ )Z0µ = qJemµ Aµ +
∑
f
ψfγµ(g
f
V − gfAγ5)ψfZ0µ (4.54)
where gfV and g
f
A are coupling constants for vector and axial interactions for a fermion f . One
gets
gfV =
2q
sin 2θW
(T 3f − 2qf sin2 θW )
gfA =
2q
sin 2θW
(4.55)
where T 3f is the third component of a weak isospin of a fermion f and qf is its electric charge
measured in elementary charge q,
qf = T
3
f +
Yf
2
(4.56)
where Yf is a weak hypercharge for f . It is easy to see that for an electron we get g
f
V = 0 if
θW = 30
◦.
Moreover, we know from the experiment that
gfV 6= 0 (4.57)
(see Ref. [51]).
In the original GSW model a Weinberg angle θW is a phenomenological parameter which
has no geometrical interpretation in terms of Lie algebraic theory. Here this parameter has this
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interpretation. Moreover, this theory is still classical. How we can quantize it in a general case
including nonsymmetric gravity we describe in Conclusions and prospects of further research.
Some quantum corrections can change many things going effectively to Eq. (4.57). Moreover,
in Minkowski space gµν = ηµν and with ξ = 0 the situation is much more simple and we can
agree that radiative correction can go to Eq. (4.57) which is interpreted as a correction to sin θW
for example in MS scheme at Q = 91.2GeV/c. This means that even if gfV (θW = 30
◦) = 0 the
corrections change gfV to be nonzero in such a way that θW is not exactly equal to 30
◦. Moreover,
the unification scheme with H = G2 is still valid.
Let us define a differential cross-section for f+f− → f ′+f ′− scattering
dσ
dt
(
f−(P )f+ → f ′−(P ′)f+) = 4παem
s
κ2PP ′
∣∣MPP ′(−s)∣∣2 (4.58)
where κ2PP ′ is a kinematic factor from the Dirac algebra equal to (
u
s )
2 for L(left) → L(left) and
R(right) → R(right) and to ( ts)2 for L(left) → R(right) and vice versa. At Z0 mass energies we
can ignore mass of fermion f and f ′ (mZ0 > 2mf and mZ0 > 2mf ′).
In this way the helicity is conserved. MPP ′ is an invariant amplitude which contains all
nontrivial information about a coupling. It is defined in such a way that MPP ′ is equal to 1
independently of P,P ′ for a simple s-channel photon exchange diagram of lowest order QED for
electrons. In GSW theory one gets
MPP ′(Q2) = qf
(−s
Q2
)
qf ′
+
(
T 3f − qf sin2 θW
cos θW sin θW
)( −s
Q2 +M2Z0 − Im(Π1-loopZ0Z0 (Q2))
)(T 3f ′ − qf ′ sin2 θW
cos θW sin θW
)
(4.59)
where
Im(Π1-loopZ0Z0 ) = Γ
0
Z0MZ0 =
αem
3 sin2 θW cos2 θW
∑
f
[[(T 3fL
2
− qf sin2 θW
)(
1 +
2m2f
M2Z0
)
+
(T 3fL
2
)2(
1− 4 m
2
f
M2Z0
)](
1− 4m
2
f
M2Z0
)
CQCD(f)
]
, (4.60)
where T 3fL is a left-handed isospin component for a fermion f . The factor CQCD is CQCD =
3
(
1 + αs(−M2Z0)/π
)
for quarks and 1 for leptons. These formulas are very well known in all
textbooks and as we mention above θW is an arbitrary parameter. If we evaluate the formulas
for θW =
π
6 one gets
MPP ′(Q2) = qf
(−s
Q2
)
qf ′ (4.61)
which simply means that gfV = 0 (sin
2 θW = 0.25).
Moreover, we can introduce an effective Weinberg angle θW =
π
6 + δ in such a way that all
the formulas are satisfied. In this way radiative corrections can be considered as corrections to
30◦ Weinberg angle. The formula (4.59) can be evaluated in the following way:
MPP ′(Q2) = qf
(
− s
Q2
+ 4δ2
(
− s
(Q2 +M2Z0Z0 − Im(Π1-loopZ0Z0 (Q2)))
))
qf ′ (4.62)
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(δ is a small correction to θW =
π
6 ).
One can use also some achievements from GSW model. Let us notice that
M2W =
παem(0)GF√
2 sin2 θW (1−∆r)
(4.63)
where ∆r is the 1-loop correction and its dominant contributions are
∆r = ∆r0 − 1− sin
2 θW
sin2 θW
∆ρ+∆rrem (4.64)
∆r0 = 1− αem(0)
αem(M
2
Z0)
(4.65)
∆ρ =
3GF
∑
f (m
2
f1
−m2f2)
8π2
√
2
≃ 3GF (m
2
t −mb)2
8π2
√
2
(4.66)
∆rem =
√
2GFM
2
W
16π2
· 11
3
(
ln
(M2H
M2W
)
− 5
6
)
, (4.67)
GF is a Fermi constant, mt and mb are top and bottom quark masses.
The term ∆r0 corresponds to the running of αem from zero (it means, from Q
2 = m2e ≃ 0)
to the electroweak scale Q2 = M2Z0 . ∆ρ depends quadratically on the mass difference between
the members of the same fermion doublet. ∆rrem (the remainder) is dominated by Higgs’ boson
effects and depends logarithmically on MH .
We evaluate these formulas for θW =
π
6 getting
M2W =
4παemGF√
2(1−∆r) . (4.68)
Now we proceed as before writing
M2W =
4παemGF√
2 sin2 θW
(4.69)
where
θW =
π
6
+ δ (as above).
δ is not a new phenomenological parameter. It is an effect of 1-loop corrections and a running
of αem. In Eq. (4.64) we can write θW =
π
6 getting
∆r = ∆r0 − 3∆ρ+∆rrem. (4.70)
In the formula (4.67) we can put the value of Higgs’ mass and bare value of MW obtained by us.
In this way we get the desired value of sin2 θW
sin2 θW = 4(1−∆r). (4.71)
In terms of δ one gets
δ = −
√
3∆r
6
(4.72)
or
δ = −
√
3
6
(
1− αem(0)
αem(M2Z0)
− 3∆ρ+∆rrem
)
. (4.73)
57
We get exactly the same results if we use the MS definition of sin2 θW = 1 − M
2
W
M2
Z0
which is also
an effective value of sin2 θW .
Using results from Ref. [51] we can evaluate δ from the formula (4.73) getting
δ = −0.00748550. (4.74)
We have
δ = −25′44′′ and θW = 29◦34′16′′.
This gives
sin2 θW = 0.243546 (4.75)
which is not bad as compared with the experimental value for an effective Weinberg angle. The
formula (4.73) can be improved getting
δ = −
√
3
6
(
1− αem(0)
αem(M2Z0)
− 3∆ρ+∆rrem
)
/(1− 4∆ρ). (4.76)
We get
δ = −0.0074855 (4.77)
sin2 θW = 0.249162 (4.78)
More precise quantum field calculations can improve the result. The conclusion is as follows.
The Weinberg angle is coming from the unification theory with G2 group. The value of this
parameter is equal to π6 . The δ correction is coming from radiative corrections.
Now we have a physical relevance and correct description of the Nature. The results can be
improved starting from the formula
M2W
(
1− M
2
W
M2Z0
)
=
παem(0)√
2GF
(1 +∆r) (4.79)
using results from Refs [56, 57, 58] and references cited therein. The numerical results obtained
here do not change significantly the full quantization scheme. Eventually we get some remarks.
We have here to do with a finite renormalization of a parameter in the theory, i.e. with a
finite renormalization of a Weinberg angle. According to the idea of a renormalization of any
parameter due to quantum interactions this is correct. We should renormalize not only masses or
charges (as in QED, an electron charge and its mass, which is an infinite renormalization), but
really any physical quantity as in solid state physics (an effective mass of an electron). An infinite
renormalization in QED showed us an impossibility to avoid a renormalization in general.
The second remark is as follows. In classical field theory as our model for gµν = ηµν we have
to do with parameters which have an interpretation as tree values. They should be renormalized.
Only in a superrenormalizable theory they can remain the same in any order of perturbation
calculus. Our theory is not superrenormalizable.
In our approach on a classical level we have the following parameters: r0, ζ (sin θW is known
from the theory). In order to get a precise prediction we should translate them into GF and
αem(0), in particular GF = Gµ. We take from Particle Data (see Ref. [51]) all the interaction
constants (coupling parameters) which can change running parameters.
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Let us use the above results to recalculate ζ and r0 in terms of MH and MZ0. One gets
MW = MZ0 cos θW (4.80)
MH
MZ0
=
√
1− ζ2 (4.81)
and
ζ = ±0.948735i (4.82)
r0 =
~c
MZ0
√
2π
√
1 + ζ2
= 2.73126 × 10−18m. (4.83)
In this way
MW =MZ0 cos(
π
6 + δ) (4.84)
gives us for the value (4.75)
MW = 79.3119GeV, (4.85)
for the value (4.78)
MW = 79.3321GeV. (4.86)
In the above formulas we take for MH = 125.7GeV and for MZ0 = 91.19GeV. This means that
for ζ given by (4.82) and r0 given by (4.83) we get desired values of MH and MZ0. The predicted
value for MW is a little smaller than the experimental value 80.385GeV. Moreover, it seems that
consideration of higher order corrections of perturbation calculus (2-loop corrections) can improve
the result to tune it to the experimental value. This has been done in Appendix E. It seems that
everything is self-consistent. The value ofMW and sin
2 θW obtained in Appendix E indicates that
higher order corrections improve an agreement with an experiment. This means that our 20-di-
mensional model works pretty well. The Weinberg angle is not here a phenomenological parameter
and we have a confiance that a unification group H is G2. This our future development is justified
by an experiment.
Appendix A
In this appendix we find formulae for Lnων , L
n
w˜n˜, L
n
ωn˜. We get these formulae using a general
formula from n-dimensional generalization of Einstein Unified Field Theory obtained by Hlavatý
and Wrede (see Refs [19, 59]). One gets
ΓNWM = Γ˜
N
WM +
1
2
(
KWM
N − 2k[M ·AKW ]ABkNB
)
+ hNE
{
KE(W ·AkM)A + kC·B
[
k(M ·CKW )ABkE·A +KEABk(W ·AkM)·C
]}
(A.1)
KABC = −∇˜AkBC − ∇˜BkCA + ∇˜CkAB , (A.2)
where
γAB = hAB + kAB , (A.3)
hAB = hBA, kAB = −kBA, (A.4)
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Γ˜NWM is the Levi-Civita connection generated by hAB = γ(AB) (γ[AB] = kAB), ∇˜A is a covariant
derivative with respect to the connection Γ˜NWM .
The connection ΓNWM is the solution of the equation
DγA+B− = DγAB − γADQDBC(Γ )θC = 0, A,B,C,D,N,M = 1, 2, . . . ,N,
QDBD(Γ ) = 0,
(A.5)
where D is an exterior covariant derivative with respect to the connection Γ .
hABhBC = δ
A
C (A.6)
and all indices are raised by hAB . (E. Schrödinger was surprized that it was possible to find a
solution to (A.5) in a covariant form.)
Equation (A.1) is more general than that form Refs [19, 59] for in Eq. (A.1) Γ˜NWM are
coefficients of the Levi-Civita connection. This connection can be nonsymmetric in indices W,M
for it can be considered in nonholonomic frame. In Refs [19, 59] Γ˜NWM mean Christoffel symbols.
Moreover, the proof is exactly the same as in Refs [19, 59]. The authors of Refs [19, 59] are
using the natural nonholonomic frame connected to the nonsymmetric metric γAB in order to find
(A.1). Moreover, this nonholonomic frame has nothing to do with the frame we consider.
V. Hlavatý and C. R. Wrede were first to consider n-dimensional generalization of the geometry
from Einstein Unified Field Theory with the nonsymmetric real tensor γAB . Thus we can find
Laµν from the nonsymmetric non-Abelian Kaluza–Klein theory where N = n+ 4 (see Section 2).
We can also consider non-Abelian theory with a spontaneous symmetry breaking where N =
4 + n+ n1 = 4 +m (see Section 3).
In order to find Laµν we should calculate Γ
n
ωµ = L
n
ωµ. We should know a Levi-Civita
connection generated by γ(AB) (and κ(A˜B˜)) which is easy to find from Eqs (2.20) and (3.44) (e.g.
Γ˜ nωµ = H
n
ωµ) in order to find covariant derivative of antisymmetric part of the metric. Thus one
eventually finds:
Lnων = H
n
ων + ξH
f
νωkfeh
ne +
(
Hnαωg˜
(αδ)g[δν] −Hnαν g˜(αδ)g[δω]
)
− 2ξhnakadg˜(δτ)g˜(αβ)Hdδαg[τω]g[βν] − 2ξhnakadg˜(βδ)g˜(ατ)Hdβ[ωgν]τg[δα]
+ 2ξ2hnahbckackbdg˜
(αβ)Hdα[ωg|µ|β] (A.7)
(One can try to get formula (A.7) using a different approach. It means to use an approximation
formula from Ref. [60]. This is similar to our second approach from Ref. [9] in the case of an
electromagnetic field (see Appendix B of Ref. [9]). Moreover, this approach in the case of the
Nonsymmetric Kaluza–Klein Theory seems to be much more complex.)
Lnw˜n˜ = H
n
w˜n˜ + ξH
f
n˜w˜kfeh
ne + ξ2
(
g[w˜b˜]g˜
(b˜a˜)Hfn˜a˜ − g[n˜b˜]g˜(b˜a˜)Hfw˜a˜
)
kfbkcdh
cnhdb
= Hnw˜n˜ + ξH
f
n˜w˜kefh
ne + ξ2ζ
(
k0w˜b˜g˜
(b˜a˜)Hfn˜a˜ − k0n˜b˜g˜(b˜a˜)Hfw˜a˜
)
kfbkcdh
cnhdb (A.8)
Lnωn˜ = H
n
ωn˜ − ξHfωn˜kfehne − ξ2
(
g[ωβ]g˜
(βα)Hfαn˜ + ζk
0
n˜b˜g˜
(b˜a˜)Hfωa˜
)
kfbkcdh
cnhdb
=
gauge
∇ω Φnn˜ − ξ
gauge
∇ω Φfn˜kfehne − ξ2
(
g[ωβ]g˜
(βα)
gauge
∇a Φfn˜ + ζk0n˜b˜g˜(b˜a˜)
gauge
∇ω Φfa˜
)
kfbkcdh
cnhdb (A.9)
where
gauge
∇ means a gauge derivative with respect to a connection ω on E,
Hca˜b˜ = C
c
abΦ
a
a˜Φ
b
b˜
− µcı̂f ı̂a˜b˜ − Φcd˜f d˜a˜b˜. (A.10)
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Working in the same way we get Einstein–Kaufmann connections on a group G and on a homo-
geneous manifold M = G/G0. This is important to find cosmological terms in the theory.
We have Levi-Civita connections
ω˜AB =
(
π∗(ω˜αβ)− hdbg˜(µα)Hdµβθb Haβγθγ
hbdg˜
(αβ)Hdγβθ
γ ω˜ab(G)
)
(A.11)
where ω˜ab(G) is a Levi-Civita connection on G, ω˜
α
β is defined on E and ω˜
A
B is defined on P ,
A,B = 1, 2, . . . , n + 4;
ω˜A˜B˜ =
(
π∗(ω˜AB)− hdbγ˜(MA)HdMBθb HaBCθC
hbdγ˜
(AB)HdCBθ
C ω˜ab(H)
)
(A.12)
ω˜ab(H) is a Levi-Civita connection on a group H,
γ˜(AB)γ(AC) = δ
B
C . (A.13)
Now ω˜AB is defined on V = E×G/G0 and ω˜A˜B˜ on P , A,B = 1, 2, . . . , n1+4, A˜, B˜ = 1, 2, . . . , n1+
n+ 4.
Using (A.11) and (A.12) one can easily calculate covariant derivatives ∇˜AkBC or ∇˜A˜kB˜C˜ and
afterwards KABC or KA˜B˜C˜ in order to find desired connection coefficients of Γ
N
WM and Γ
N˜
W˜M˜ .
Let us do it for (A.11). One gets
Γ˜ dβγ = H
d
βγ
Γ˜ βγb = −hdbhαβHdαγ
Γ˜ µaγ = hadh
αβHdγβ
Γ˜ aαc = Γ˜
δ
ac = Γ˜
b
cβ = 0
(A.14)
(see also Ref. [61]).
Using (A.1) one gets
Γ nωµ = Γ˜
n
ωµ +
1
2
(
Kωµ·n − 2K [µ·αKω]αbknb − 2K [µ·αKω]abknb + hne
(
ke(ω·akµ)a
+ kγ·β
[
k(µ·γKω)aβke·a −Keαβk(ω·αkµ)·γ
]))
. (A.15)
Moreover, we have
Kωµe = −∇˜ωkµe − ∇˜µkeω − ∇˜ekωµ = 2Hfµωkfe (A.16)
Kωab = −∇˜ωkab − ∇˜akbω − ∇˜bkωa = 0. (A.17)
In all the formulae we keep original notation from Refs [19, 59] and after all calculations we
switch to our notation.
hαβ → g˜(αβ), kab → ξkab. (A.18)
In this way
Kωµe = 2ξH
f
µωkfe (A.19)
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and we get Eq. (A.7).
Using (A.14) and switching according to (A.18) one gets
∇˜ωkµe = −hedg˜(νβ)Hdωβg[µν] − ξHmµωkme
∇˜µkeω = −hedg˜(εγ)Hdγµg[εω] − ξHfµωkme
∇˜ekωµ = −hedg˜(νβ)Hdωβg[µν] − hedg˜(νβ)Hdµβg[ων]
∇˜ωkab = ∇˜akbω = ∇˜bkωa = 0.
We quote these formulae for a convenience of a reader.
Working similarly we get (A.8) and (A.9).
Let us come back to cosmological terms and calculate a connection (A.1) on G and G/G0. On
a group G a right-invariant Einstein–Kaufmann connection reads
Γ nwm = −1
2
Cnwm +
1
2
(
Kwm·n − 2µ2k[m·aKw]abknb
)
+ hne
{
µKe(w·akm)a + µ2kc·b
[
k(m·cKw)abke·a −Keabk(w·akm)·c
]}
. (A.20)
where
Kabc = −µ
(∇˜akbc − ∇˜bkca + ∇˜ckab) (ℓab = hab + µkab). (A.21)
∇˜a means a Riemannian covariant derivative on a semisimple Lie group G with respect to a
biinvariant Killing tensor hab.
One gets
∇˜kbc = −1
2
(Cfbckfe + C
f
eckbf ) (A.22)
and
Kabc = µ(C
f
bakfc + C
f
ackfb − Cfbckfa). (A.23)
If we write a connection on Γ in the form
Γ nwm = −1
2
Cnwm + u
n
wm (A.24)
one gets for a Moffat–Ricci tensor on G
Rbd = R˜bd + ∇˜auabd − ∇˜duaba + 1
2
(∇˜buaad − ∇˜duaab) (A.25)
where
∇˜auced = −1
2
(
Cfeau
c
fd + C
f
dau
c
ef − Ccfaufed
)
(A.26)
unwm = −1
2
µ
(
Lwm
n − 2µk[m·aLw]abknb
)
− µ2hne(Le(w·akm)a + µ2kc·b[k(m·eLw)abkea − Lebk(w·akm)·c]) (A.27)
where
Labc = C
f
bakfc + C
f
ackfb − Cfbckfa. (A.28)
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Eventually we find
Rbd = R˜bd − 1
2
Cfdb(u
a
af + u
a
fa)− 1
4
Cafd(2u
f
ba + u
f
ab) +
1
4
(Cafbu
f
ad − Cfbduafa). (A.29)
R˜bd is a Moffat–Ricci (equals to Ricci tensor) for a Levi-Civita connection on G generated by hab
R˜bd = −1
4
hbd. (A.30)
Moreover, if
kab = C
f
abVf (A.31)
where
∇˜kVf = −1
2
CefkVe (A.32)
we get
unwm =
µ
2
CsnwC
p
msVp − µ3CpasVpCrnbVrCq[m·aV|q|Cs|b|w]
+ µ4Cfc
bVf
[
Cp(m·cV|p|Cs|b|w)CqasVqCrnaVr − CsbnCpasVpCq(waVqCrm)Vr
]
. (A.33)
unwm can be calculated explicitly in a general form. One gets
unwm =
1
2
µ
(
Cfmwkf
n + Cf·w·nkfm − Cfmnkfw
)
− 1
2
µ2
[
Cfbwkfa(k
nakm
b − knbkma) + Cfmbkfa(knakwb − knbkwa)− 2knbkmaCfabkfw
− (kfakmcCfwn + 2kfmCanfkwa − Cfwnkfakma +Cfmnkfakwa)]
+
1
2
µ4
[
3kc
bCfabkf
nkw
akm
b + Cfbwkfakm
c(kc
aknb − kcbkna) + Cfbmkfakwc(kcaknb − kcbkna)
+ Cfabkc
bkw
ckamk
n
f + C
fn
bkfakm
c(kc
akw
b − kbckwa) + Canfkbf (kcbkmakwc − kwbkmckab)
]
(A.34)
and
RG = ℓ
abRab. (A.35)
In the case of the Einstein–Kaufmann connection on M = G/G0 manifold one gets
Γ̂ n˜w˜m˜ =
{
n˜
w˜m˜
}
+ un˜w˜m˜ (A.36)
where
{ n˜
w˜m˜
}
is the Christoffel symbol built from h0a˜b˜. In this way a cosmological term reads
P =
1
V1
∫
M
√
|g˜| R̂(Γ̂ ) dn1x (A.37)
R̂(Γ̂ ) = ga˜b˜R̂b˜d˜(Γ̂ ) (A.38)
R̂b˜d˜ = R˜b˜d˜ + ∇˜a˜ua˜b˜d˜ − ∇˜d˜ua˜b˜a˜ +
1
2
(∇˜a˜ua˜a˜d˜ − ∇˜d˜ua˜a˜b˜) (A.39)
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where R̂b˜d˜ is a Moffat–Ricci tensor for a connection Γ̂
a˜
b˜c˜ and R˜b˜d˜ is a Ricci tensor of a Levi-Civita
connection formed for a metric tensor h0a˜b˜, where
un˜w˜m˜ =
1
2
(
Kw˜m˜
n˜ − 2g˜[m·a˜]Kw˜]a˜b˜g˜[n˜b˜]
)
+ h0n˜e˜
{
K e˜
a˜
(w˜g˜|m˜|a˜) + g˜[c˜·b˜]
[
g˜[(|m˜|·c˜]Kw˜)a˜b˜g˜[e˜·
a˜
] −Kc˜a˜b˜g˜[(w˜·a˜]g˜[m˜·c˜]
]}
. (A.40)
During the calculations in Section 4 we used the following identities:
ga˜m˜g
m˜c˜ = gm˜a˜g
m˜c˜ = δc˜a˜ (A.41)
gm˜a˜g
c˜m˜ = ga˜m˜g
c˜m˜ = δc˜a˜ (A.42)
where m˜, a˜, b˜ = 5, 6, (ϕ,ψ) and
Fµψ = Fµ5 = −F5µ = −Fψµ = −
gauge
∇µ Φ1(x) = e∗(Hµψ) (A.43)
Fµϕ = sinψ
gauge
∇µ Φ2(x) = −Fϕµ = Fµ6 = −F6µ = e∗(Hµϕ) (A.44)
We have also
Fψϕ = F65 = cosψ
(
Φ2(x)− [Φ3, Φ1(x)]
)
+ sinψ
(
Φ3 + [Φ2(x), Φ1(x)]
)
= e∗(H65) = −Fϕψ = −e∗(H56). (A.45)
Appendix B
Following Ref. [43] we use the following formulae
Φ5 =
1
2
(ϕ∗1x−α + ϕ
∗
2x−β − ϕ1xα − ϕ2xβ) (B.1)
Φ6 =
sinψ
2i
(ϕ1xα + ϕ2xβ + ϕ
∗
1x−α + ϕ
∗
2x−β)− Φ3 cosψ. (B.2)
Φ3 is constant and commutes with a reduced connection. SU(2)× U(1) is a little group of Φ3,
Φ3 =
1
2
i(2 − 〈γ, α〉)−1(hα + hβ), (B.3)
xα, x−α, xβ, x−β are elements of a Lie algebra h of H (see Ref. [62]) corresponding to roots
α,−α, β,−β, hα and hβ are elements of Cartan subalgebra of h such that
hα =
2αi
α · α Hi = [xα, x−α], (B.4)
where α = (α1, . . . , αk), k = rank(h), γ = α − β, [Hi, xω] = ωixω, Hi form Cartan subalgebra
of h, [xω, xτ ] = Cω,τxω+τ if ω + τ is a root, if ω + τ is not a root xω and xτ commute. We take
k = 2.
〈γ, α〉 = 2γ · α
α · α = 2
|γ|
|α| cos θ. (B.5)
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In this way we get a Higgs’ doublet
(ϕ1
ϕ2
)
= ϕ˜.
The SU(2)×U(1) generators are given by
t1 =
1
2
i(xγ + x−γ)
t2 =
1
2
(xγ − x−γ)
t3 =
1
2
ihγ
y =
1
2
ih.
(B.6)
h is an element of Cartan subalgebra orthogonal to hγ with the same norm. Now everything is
exactly the same as in Ref. [43] except the fact that
k¯ad = had − ξ2kabkbd (B.7)
kad = (1− 2ζ2)had − ξ2kabkbd. (B.8)
In Ref. [43]
k¯ad = kad = had. (B.9)
A four-potential of Yang–Mills’ field (a connection ωE) can be written as
Aµ =
3∑
i=1
Aµti +Bµy (B.10)
or Aµ =
1
2
i(A−µ xγ +A
+
µ x−γ +A
3
µhγ +Bµh) (B.11)
A±µ = A
1
µ ± iA2µ. (B.12)
We have (see Ref. [43])
h(ti, tj) = − 1
γ · γ δij
h(y, y) = − 1
γ · γ
h(ti, y) = 0
Fµν =
(
∂µA
a
ν − ∂νAaµ + εabcAbµAcν
)
ta + (∂µBν − ∂νBµ)y = F aµνta +Bµνy (B.13)
h(Fµν , Fµν) = − δab
γ · γ F
a
µνF
bµν − 1
γ · γBµνB
µν (B.14)
gauge
∇µ Φ =
(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
1
2
i tan θBµϕ1
)
xα
+
(
∂µϕ2 − 1
2
iA+µϕ1 +
1
2
iA3µϕ2 −
1
2
i tan θBµϕ2
)
xβ (B.15)
gauge
∇µ Φ˜ = −
(
∂µϕ
∗
1 +
1
2
iA+µϕ
∗
2 +
1
2
iA3µϕ
∗
1 +
1
2
i tan θBµϕ
∗
1
)
x−α
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 +
1
2
i tan θBµϕ
∗
2
)
x−β (B.16)
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We redefine the fields Aaµ, Bµ and ϕ˜ with some rescaling (g is a coupling constant)
A′aµ = L1A
a
µ, B
′
µ = L1Bµ, ϕ˜
′ = L2ϕ˜ (B.17)
where
L1 =
1
g
1
(γ · γ)1/2 (B.18)
L2 =
1
g
( γ · γ
α · α
)1/2
(B.19)
We proceed the following transformation(
Z0µ
Aµ
)
=
(
cos θ − sin θ
sin θ cos θ
)(
A3µ
Bµ
)
. (B.20)
According to the classical results we also have g
′
g = tan θ, assuming q = g sin θ, where q is
an elementary charge and g and g′ are coupling constants of Aaµ and Bµ fields. The spontaneous
symmetry breaking and Higgs’ mechanism in the Manton model works classical if we take for
minimum of the potential
ϕ˜0 =
(
0
v√
2
)
eiα, α arbitrary phase, (B.21)
and we parametrize ϕ˜ =
(ϕ1
ϕ2
)
in the following way
ϕ˜(x) = exp
(
i
1
2v
σata(x)
)( 0
v+H(x)√
2
)
. (B.22)
For a vacuum state we take
ϕ˜0 =
(
0
v√
2
)
, (B.23)
ta(x) and H(x) are real fields on E. ta(x) has been “eaten” by Aaµ, a = 1, 2, and Z
0
µ fields making
them massive. H(x) is our Higgs’ field. σa are Pauli matrices.
In the formulae (B.7)–(B.8) we take ξ = 0. One gets in the Lagrangian mass terms:
M2WW
+
µ W
−µ +
1
2
M2ZZ
0
µZ
0µ − 1
2
M2HH
2,
where W+µ = A
+
µ , W
−
µ = A
−
µ , getting masses for W
±, Z0 bosons and a Higgs boson (see Eqs
(4.48)–(4.52)). For G2 〈γ, α〉 = 3 and θ = 30◦, θ is identified with the Weinberg angle θW .
In order to proceed a Higgs’ mechanism and spontaneous symmetry breaking in this model
we use the following gauge transformation
ϕ˜(x) 7→ U(x)ϕ˜(x) = 1√
2
(
0
v +H(x)
)
, (B.24)
where
v =
2
√
2
rg
cos θ (B.25)
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a vacuum value of a Higgs field
U(x) = exp
(
− 1
2v
ta(x)σa
)
. (B.26)
H(x) is the remaining scalar field after a symmetry breaking and a Higgs’ mechanism. One gets
Aµ 7→ Auµ = ad′U−1(x)Aµ + U−1(x)∂µU(x) (B.27)
Fµν 7→ F uµν = ad′U−1(x)Fµν . (B.28)
Appendix C
In this appendix we derive a Kerner–Wong–Kopczyński equation in GWS-model. One gets (see
Eqs (3.176)–(3.178))
D˜uα
dτ
+
uβ
m0
h(q,Hβδ) +
1
m0
g˜(αδ)
(
u5 · h(q,
gauge
∇δ Φ5) + u6h(q,
gauge
∇δ Φ6)
)
= 0 (C.1)
D˜u5
dτ
− 1
r2
uβ
m0
h(q,
gauge
∇β Φ5)− 1
r2
u6h(q,H56) = 0 (C.2)
D˜u6
dτ
− 1
r2
ub
m0 sin2 ψ
h(q,
gauge
∇β Φ6)− 1
r2
u5
m0 sin2 ψ
h(q,H65) = 0 (C.3)
d
dτ
( q
m0
)
= 0. (C.4)
q is an isotopic charge belonging to a Lie algebra of H (h), ua˜ = (u5, u6) is a charge which couples
a test particle to Higgs’ field, Hβδ is a strength of SU(2) × U(1) Yang–Mills’ field, Φ5, Φ6 are
scalar fields before a spontaneous symmetry breaking (see Eq. (4.12)). D˜dτ is a covariant derivative
along a line with respect to a connection ω˜αβ on E,
D˜
dτ is a covariant derivative with respect to a
Levi-Civita connection on S2. We have of course g(αβ)u
αuβ = 1.
Using some additional fields Φ1, Φ2, Φ3 and also Φ and Φ˜, we can write
gauge
∇µ Φ5 and
gauge
∇µ Φ6 in
terms of Higgs’ fields ϕ1 and ϕ2 (see Appendix B), m0 is the mass of a test particle.
gauge
∇µ Φ5 = 1
2
gauge
∇µ (Φ+ Φ˜) = 1
2
[(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
1
2
i tan θBµϕ1
)
xα
+
(
∂µϕ2 − 1
2
iA+µϕ1 +
1
2
iA+µϕ2 −
1
2
iBµϕ2 tan θ
)
xβ
−
(
∂µϕ
∗
1 +
1
2
iA+µϕ
∗
2 +
1
2
iA3µϕ
∗
1 +
1
2
iBµϕ
∗
1 tan θ
)
x−α
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 +
1
2
i tan θBµϕ
∗
2
)
x−β
]
(C.5)
gauge
∇µ Φ6 = sinψ
2i
gauge
∇µ (Φ− Φ˜) = sinψ
2i
[(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
1
2
i tan θBµϕ1
)
xα
+
(
∂µϕ2 − 1
2
iA+µϕ1 +
1
2
iA+µϕ2 −
1
2
iBµϕ2 tan θ
)
xβ
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−
(
∂µϕ
∗
1 +
1
2
iA+µϕ
∗
2 +
1
2
iA3µϕ
∗
1 +
1
2
iBµϕ
∗
1 tan θ
)
x−α
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 +
1
2
i tan θBµϕ
∗
2
)
x−β
]
(C.6)
Let
q = qγxγ + q−γx−γ + qh+ q˜hγ + qαxα + q−αx−α + qβxβ + q−βx−β. (C.7)
It is easy to see that the first part of q,
q = q1 + q2, (C.8)
q1 = qγxγ + q−γx−γ + qh+ q˜hγ (C.9)
couples to Yang–Mills’ field and the second part
q2 = qαxα + q−αx−α + qβxβ + q−βx−β (C.10)
to scalar fields Φ5 and Φ6.
In this way in a GSW model a test particle has a weak isotopic charge, weak hypercharge
which are equivalent to weak charge and an electric charge. It has also an additional weak charge
which couples it to Higgs’ field, i.e. q2. Moreover, we have also u
a˜ = (u5, u6) charge. It would be
very interesting to observe this additional charges in an experiment.
H56 = ∂5Φ6 − ∂6Φ5 + [Φ5, Φ6] (C.11)
H65 = ∂6Φ5 − ∂5Φ6 + [Φ6, Φ5] (C.12)
We get
D˜uα
dτ
− u
β
m0
g˜(αδ)Q˜iδijF
i
βδ − u
b
m0
g˜(αδ) ·Q · Bβδ
+
1
m0
g˜(αδ)
(
u5 · h(q, e∗(gauge∇δ Φ5))+ u6h(q, e∗(gauge∇δ Φ6))) = 0 (C.13)
D˜u5
dτ
− 1
r2
uβ
m0
h
(
Q, e∗(
gauge
∇β )Φ5
)− 1
r2
u6h(Q, e∗(H56)) = 0 (C.14)
D˜u6
dτ
− 1
r2
ub
m0 sin2 ψ
h
(
Q, e∗(
gauge
∇β Φ6)
)− 1
r2
u5
m0 sin2 ψ
h(Q, e∗(H65)) = 0 (C.15)
dQa
dτ
−CccbQcAbMuM = 0 (C.16)
where
e∗ωE = Aiµθ
µti +Bµθ
µy (C.17)
e∗(qcXc) = QcXc (C.18)
e∗ω = αciA
i
µθ
µt˜i + Φ
a
a˜θ
a˜Xa, (C.19)
Q˜i = Q
i
γ·γ is an isotopic charge, Q˜ =
Q
γ·γ is a weak hypercharge,
t˜i = ti, i = 1, 2, 3, t˜4 = y, (C.20)
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h(x, y) = habx
ayb. (C.21)
Let us consider the transformation (B.20) and the following transformation(
Q0
q
)
=
(
cos θ sin θ
− sin θ cos θ
)(
Q˜3
Q
)
. (C.22)
θ plays of course a role of the Weinberg angle θW . Q
0 is a neutral weak charge and q an electric
charge. In this way we get in Eq. (C.16) a very familiar term
− u
β
m0
g˜(αδ)qFβδ (C.23)
where
Fβδ = ∂βAδ − ∂δAβ (C.24)
is a strength of an electromagnetic field and q an electric charge, i.e. a Lorentz force term.
One gets for H56
H56 = −H65 = −i sinψ
(
ϕ1ϕ
∗
1
αi
α · α + ϕ2ϕ
∗
2
βi
β · β
)
Hi − i cosψϕ1xα − i cosψϕ2xb
− i cosψϕ∗1x−α − i cosψϕ∗2x−β +
i
2
sinψϕ1ϕ
∗
2Cα,−βxγ +
i
2
sinψϕ2ϕ
∗
1Cβ,−αx−γ . (C.25)
Let us proceed a spontaneous symmetry breaking and Higgs’ mechanism in our Kerner–Wong–
Kopczyński equation. In this way we transform
gauge
∇µ Φa˜ 7→ ad′U−1(x)
gauge
∇µ Φa˜ =
gauge
∇µ Φua˜ , a˜ = 5, 6, (C.26)
where
gauge
∇µ Φu5 =
1
2
√
2
[
∂µH(x)(xβ − x−β)
+
i
2
(v +H(x))
(
A3uµ (xβ + x−β) +Bµ tan θ(x−β − xβ)−A+uµ x−α +A−uµ xα
)]
(C.27)
gauge
∇µ Φu6 =
sinψ
2i
[
∂µH(x)(xβ + x−β)
+
i
2
(v +H(x))
(
A+uµ x−α −A−uµ xα +A3uµ (xβ − x−β) +Bµ tan θ(x−β − xβ)
)]
(C.28)
H56 7→ ad′U−1(x)Hu56, (C.29)
where
Hu56 = −
sinψ(v +H(x))
2
(
(v +H(x))
βi
β · β Hi +
√
2 cosψ(xβ + x−β)
)
(C.30)
Hu56 = −Hu65 (C.31)
where
A+µ 7→ A+uµ =
(
ad′U−1(x)Aµ
)+
+
i
2v
∂µt
+(x) (C.32)
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A−µ 7→ A−uµ =
(
ad′U−1(x)Aµ
)−
+
i
2v
∂µt
−(x) (C.33)
A3µ 7→ A3uµ =
(
ad′U−1(x)Aµ
)3
+
i
2v
∂µt
3(x). (C.34)
Simultaneously we proceed a transformation on charges
Q 7→ Qu = ad′U−1(x)Q. (C.35)
In this way we have from Eqs (C.13)–(C.16)
D˜uα
dτ
− u
β
m0
g˜(αδ)Q˜iuδijW
i
βδ − u
β
m0
g˜(αδ)Q0uZ0βδ − u
β
m0
g˜(αδ)qFβδ
+
1
m0
g˜(αδ)
(
u5h(Qu,
gauge
∇δ Φu5) + u6h(Qu,
gauge
∇δ Φu6)
)
= 0 (C.36)
D˜u5
dτ
− 1
r2
uβ
m0
h(Qu,
gauge
∇β Φu5)−
1
r2
u6h(Qu,Hu56) = 0 (C.37)
D˜u6
dτ
− 1
r2
uβ
m0 sin2 ψ
h(Qu,
gauge
∇β Φu6)−
1
r2
u5
m0 sin2 ψ
h(Qu,Hu65) = 0. (C.38)
In Eqs (C.36)–(C.38) a test particle is coupled to physical fields only, i.e. W iµν , Fµν and H.
One derives a final form of h(Qu, e∗(
gauge
∇µ Φ5)), h(Qu, e∗(
gauge
∇µ Φ6)), h(Qu, e∗(H56)), getting
h(Qu, e∗(
gauge
∇µ Φ5)) = 1
2
√
2
( 2
α · α
(
q−αW−uµ − qαW+uµ
)
+
2
β · β
(
∂µH(q−β − qβ)
+
i
2
(v +H(x))(Z0uµ cos θ +Aµ sin θ)(q−β + qβ) + (−Z0uµ sin θ tan θ +Aµ sin θ)(q−β − qβ)
)
+ h(xα, xα)qαW
−u
µ + h(xβ , xβ)qβ
(
∂µH +
i
2
(v +H(x))(Z0uµ cos θ +Aµ sin θ)
+ (Z0uµ sin θ tan θ −Aµ sin θ)
)
+ h(x−α, x−a)q−αW+uµ + h(x−β,−β)q−β
(
−∂µH + i
2
(v +H(x))(Z0uµ cos θ +Aµ sin θ)
+ (−Z0uµ sin θ tan θ +Aµ sin θ)
))
(C.39)
h(Qu, e∗(
gauge
∇µ Φ6)) = sinψ
2
√
2 i
(
2i(v +H(x))
α · α (qαW
+u
µ − q−αW−uµ )
+
2
β · β
(
∂µH(qβ + q−β) + (q−β − qβ)
Z0uµ
cos θ
)
− i
2
h(xα, xα)qαW
−u
µ +
i
2
h(x−α, x−α)q−α(v +H(x))W+uµ
+ h(xβ , xβ)qβ
(
∂µH +
Z0uµ
cos θ
)
+ h(x−β, x−β)qβ
(
∂µH −
Z0uµ
cos θ
))
(C.40)
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h(Qu, e∗(H56)) = −h(Qu, e∗(H65))
= −sin 2ψ
√
2
4
(
(qβ + q−β)
( 2
β · β + h(xβ , xβ) + h(x−β , x−β)
))
(C.41)
Here the superscript u means that all quantities are in a gauge U . In this way all couplings of a
test particle are expressed by physical fields after a spontaneous symmetry breaking and Higgs’
mechanism.
Let us consider Eq. (C.16) in more details using Eq. (C.6) and let us change a gauge using a
gauge changing function U(x). One finds
dQuγ
dτ
− i((Z0uµ cos θ − sin θAµ)Quγ −W−uµ q˜)uµ + v +H(x)√
2
〈γ, α〉
(
u5 + i
sinψ
2
u6
)
qα
− i
2
u6 cosψ
(〈γ, β〉 + 〈γ, α〉)Quγ = 0 (C.42)
dQu−γ
dτ
− i(W+uµ Q˜u − (Z0uµ cos θ − sin θAµ)Qu−γ)uµ + 1√
2
(v +H(x))〈γ, α〉q−α
(
u5 − i sinψ
2
u6
)
+
i
2
u6 cosψ(〈γ, α〉 + 〈γ, β〉)Quγ = 0 (C.43)
dq
dτ
= 0 (C.44)
dQ˜u
dτ
− 1
2
(W+uµ Q
u
γ −W−uµ Qu−γ) = 0 (C.45)
dqα
dτ
+
1
2
i
(
(cos θAµ − Z0uµ sin θ)〈α, γ〉qα − 2(Z0uµ cos θ − sin θAµ)qα
γ1α2 − γ2α1
γ · γ
)
uµ
+
u5(v +H(x))√
2
Quγ
(
u5 +
i sinψ
2
√
2
u6
)
− i
2
u6 cosψqα(2 + 〈α, β〉) = 0 (C.46)
dq−α
dτ
+
1
2
i
(
2(cos θAµ − Z0uµ sin θ)q−α
γ1α2 − γ2α1
γ · γ + (Z
0u
µ cos θ − sin θAµ)q−α〈α, γ〉
)
uµ
+
v +H(x)√
2
Qu−γ
(
u5 − i sinψu
6
2
)
+
i
2
cosψq−α(2 + 〈α, β〉) = 0 (C.47)
Simultaneously we get
qβ = q−β = 0. (C.48)
In this way our equations are simpler, e.g. h(Qu, e∗(H56)) = h(Qu, e∗(H65)) = 0. Let us
notice that qα and q−α charges are not influenced by the gauge transformation U(x). The electric
charge q does not feel any movement of additional charges.
Thus one gets eventually
D˜uµ
dτ
− Q˜
iu
m0
g˜(µδ)δiju
βW iuβδ −
Q0u
m0
g˜(µδ)uβZ0uβδ −
q
m0
g˜(µδ)uβFβδ
+
1√
2m0
g˜(µδ)
(
u5
( 1
α · α(q−αW
−u
δ −qαW+uδ ) +
1
β · β
(
h(xα, xα)qαW
−u
δ + h(x−α, x−α)q−αW
+u
δ
))
+ u6 sinψ
(v+H(x)
α · α (qαW
+u
δ −q−αW−uδ )−
1
2(β · β)
(
h(xα, xα)q−α(v+H(x))
)
W+uδ
))
= 0 (C.49)
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D˜u5
dτ
− 1
r2
uβ√
2m0
( 1
α · α(q−αW
−u
β − qαW+uβ )
+
1
β · β
(
h(xα, xα)qαW
−u
β + h(x−α, x−α)q−αW
+u
β
))
= 0 (C.50)
D˜u6
dτ
− 1
r2
uβ√
2m0 sinψ
(v +H(x)
α · α (qαW
+u
β − q−αW−uβ )
+
1
2(β · β)
(−h(xα, xα)qαW−uβ + h(x−α, x−α)(v +H(x))W+uβ )) = 0. (C.51)
Let us suppose that H = G2. In this case one gets
|β| = |α| =
√
2, |γ| =
√
6,
α · α = β · β = 2, γ · γ = 6,
〈γ, α〉 = 3, 〈γ, β〉 = 〈α, β〉 = −1,
γ1α2 − γ2α1
γ · γ =
√
3
6
,
θ = 30◦, cos θ =
√
3
2
, sin θ =
1
2
.
(C.52)
Thus one gets
dQuγ
dτ
− i
(1
2
(Z0uγ
√
3−Aµ)Quγ −W−uγ q˜
)
uµ
− 3(v +H(x))√
2
qα
(
u5 + i
sinψ
2
u6
)
− i cosψQuγ = 0 (C.53)
dQu−γ
dτ
− iuµ
(
W+uµ Q˜
u − 1
2
(
√
3Z0uµ −Aµ)Qu−γ
)
+
3u5√
2
(v +H(x))q−α
(
u5 − i sinψ
2
u6
)
+ iu6 cosψQu−γ = 0 (C.54)
dq
dτ
= 0 (C.55)
dQ˜u
dτ
− 1
2
(W+uµ Q
u
γ −W−uµ Qu−γ) = 0 (C.56)
dqα
dτ
+
1
2
i
(3
2
(
√
3Aµ − Z0uµ )−
√
3
6
(
√
3Z0uµ −Aµ)
)
qαu
µ
+
u5(v +H(x))√
2
Quγ
(
u5 +
i sinψ
2
√
2
u6
)
− i
2
u6 cosψqα = 0 (C.57)
dq−α
dτ
+
i
2
(√3
6
(
√
3Aµ − Z0uµ ) +
3
2
(
√
3Z0uµ −Aµ)
)
uµq−α
+
v +H(x)√
2
Qu−γ
(
u5 − i sinψ
2
u6
)
+
i
2
cosψq−α = 0. (C.58)
Eqs (C.49)–(C.51) and (C.53)–(C.58) are generalized Kerner–Wong–Kopczyński equations in
GSW model.
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At the end of this appendix we consider a cosmological constant in GSW model. In this case
we have from Eq. (4.31)
λc =
(α2s
ℓ2pl
R˜(Γ˜ ) +
1
r2
P˜
)
.
Moreover, now we have also an additional term for a Higgs’ potential V (0) 6= 0. One gets
λ′c = λc −
2π(1 − 2ζ2)√
1 + ζ2 r2
(C.59)
and eventually
λ′c =
α2s
ℓ2pl
R˜(Γ˜ ) +
1
r2
(
P˜ − 2π(1 − 2ζ
2)√
1 + ζ2 r2
)
(C.60)
where P˜ is given by the formula (4.32).
Moreover, we should add to cosmological constant term also V2(0) (see Appendix D). The
term P˜ has been calculated in Refs [1, 5] for S2. R˜(Γ˜ ) is equal to R˜G2 (G = G2, see Eq. (A.35)).
One gets
λ′c =
α2s
ℓ2pl
R˜G2 +
1
r2
(( 16|ζ|3
3(2ζ2 + 1)(1 + ζ2)5/2
(
ζ2E
( |ζ|√
ζ2 + 1
)
− 2(ζ2 + 1)K
( |ζ|√
1 + ζ2
))
+ 8 ln
(
|ζ|
√
ζ2 + 1 +
4(1 + 9ζ2 − 8ζ4)|ζ|3
3(1 + ζ2)3/2
)) 1
2|ζ|√1 + ζ2
− π√
1 + ζ2
(
2(1 − 2ζ2) + ξ
2
2
√
1 + ζ2
K(hα + hβ, hα + hβ)
))
(C.61)
where
K(k) =
∫ π/2
0
dθ√
1− k2 sin2 θ (C.62)
E(k) =
∫ π/2
0
√
1− k2 sin2 θ dθ (C.63)
are elliptic integrals of the first and second order.
R˜G2 strongly depends on kab and ξ. It seems that we can tune λ
′
c to the desired value known
from observational data. K(·, ·) is defined by Eq. (D.15).
Appendix D
In this appendix we give details of an interaction of the Higgs’ field and nonsymmetric (Hermitian)
gravity. One gets from Eq. (3.88)
Lkin(
gauge
∇ Φ) = 1
2πr2(1 + ζ2)
{
gauge
∇µ Φk5
gauge
∇ω Φd5
(
2(ξζ2(ζ − 1)− 1− ξ)kkd +
(
ξζ(2ξ2 − ζ − 2ξζ − 2)
+ (π − 2)ξ)kbdkbk − 2hkd + ξ3ζ(2ξ2 − π)knbknkkbd)gωµ + gauge∇µ Φd5gauge∇γ Φn5(−2ξ2hndg˜(γβ)g[βω]
73
− 2ξ3g˜(γβ)g[βω]knd + 2g˜(αν)g˜(γρ)g[νω]g[ρα]knd + 2ξ2kndkndg˜(αν)g˜(γρ)g[νω]g[ρα]
)
gωµ
+
(
−2ζ
gauge
∇µ Φk5
gauge
∇ω Φ̂n6 + 2ζ
gauge
∇µ Φ̂k6
gauge
∇ω Φn5 + 2ζ(ζ + 1)knd
gauge
∇µ Φk5
gauge
∇ω Φ̂d6
+ 2ξ2(ζξ + 1)knd
gauge
∇µ Φk5
gauge
∇ω Φ̂d6 + 2ξ2ζknbkbd
gauge
∇µ Φ̂k6
gauge
∇ω Φd5
)
gωµℓnk
+ ℓnkg
ωµknd
(
π + 4ζ + 4ζξ2 + 2πξζ2 + 4ζξ
)
gαηg[ηω]
gauge
∇µ Φn5
gauge
∇α Φ̂d6
+ 2ξζℓnkg
ωµg˜(αν)g˜(γρ)g[νω]g[ρα]
(gauge∇µ Φk5gauge∇γ Φ̂d6 + ζ2gauge∇µ Φ̂k6gauge∇γ Φd5 + 2gauge∇µ Φ̂k6gauge∇γ Φd5)
+ ℓnkg
ωµ
[(
−2
gauge
∇µ Φ̂k6
gauge
∇ω Φ̂n6 − 2ξ(ζ − 1)knd
gauge
∇µ Φ̂k6
gauge
∇ω Φ̂d6 + 2ξ2ζknbkbd
gauge
∇µ Φ̂k6
gauge
∇ω Φ̂d6
)
+ g˜(αη)g[ηω]
(
2
gauge
∇α Φ̂d6
gauge
∇µ Φ̂k6 − 2ξ2
gauge
∇µ Φ̂k6
gauge
∇α Φ̂d6 − 4ζ2ξknd
gauge
∇µ Φ̂k6
gauge
∇α Φ̂d6
)]}
(D.1)
where
gauge
∇µ Φ5 is given by the formula (C.5) before an electro-weak symmetry breaking and by the
formula (C.27) after an electro-weak symmetry breaking (in a gauge U),
gauge
∇µ Φ̂6 = 1
sinψ
gauge
∇µ Φ6 (D.2)
and
gauge
∇µ Φ6 is given by the formula (C.6) before an electro-weak symmetry breaking and by the
formula (C.28) after an electro-weak symmetry breaking (in a gauge U). ζ is pure imaginary. We
should do a rescaling (B.17) in (C.5) and (C.27).
One can derive Lint (see Eq. (3.82)) and gets
Lint = iζ
√
6
16πr2(1 + ζ2)
(
3F 3µνg
µν(ϕ1ϕ
∗
1 − ϕ2ϕ∗2)− ϕ1ϕ∗2(F−µνgµν + F+µνgµν)
)
. (D.3)
One eventually gets in a gauge U
Lint = − iζ3
√
6 (v +H(x))2
64πr2(1 + ζ2)
(Z0uµν +
√
3Fµν)g
µν . (D.4)
Let us notice the following fact. In the formulas (D.1) and (D.3) an interaction between Higgs’
and “gauge” fields is covariant, however non-minimal. The interaction between gravity and Higgs’
fields has a non-classical kinetic term. The real significance of this interaction demands more
investigations.
They are “interference effects” between Higgs’ field from GSW model and a nonsymmetric
gravity being an effect of a unification. Lint is an effect of a unification as well.
Let us consider Lkin(
gauge
∇ Φ) in a Minkowski space gµν = ηm and let us suppose that electroweak
symmetry breaking took place. One gets
Lkin(
gauge
∇ Φ) = 1
2πr2(1 + ζ2)
ηωµ
[(
(ξζ(2ξ2 − ζ − 2ξζ − 2) + (π− 2)ζ)kbdkbk − 2hdk
)gauge∇ω Φd5gauge∇µ Φk6
+
(
ζ(2(ζ + 1) + ξ2)hnk + 2ξ(ξ(ζξ + 1)− ζ)kndknk
)gauge∇ω Φk5gauge∇ω Φ̂d6
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+ (hnk − 2ξ2(2ζ − 1)kpnkpk)
gauge
∇µ Φ̂k6
gauge
∇ω Φ̂n6
]
(D.5)
where
gauge
∇µ Φ5 = 1
2
√
2
[
−1
2
(v +H(x))(W−uµ xα +W
+u
µ x−α)
+
(
∂µH +
1
2
i(v +H(x))
(
W+uµ +
1
2
(
√
3Z0uµ −Aµ)
)
xβ
)
(D.6)
−
(
∂µH +
i√
3
(v +H(x))Z0uµ
)
x−β
]
(D.7)
gauge
∇µ Φ̂6 = 1
2
√
2
(1
2
i(v +H(x))(W−uµ xα +W
+u
µ x−α)
)
−
(
∂µH +
1
2
i(v +H(x))
(
W+uµ +
1
2
(
√
3Z0uµ −Aµ)
)
xβ
)
+
(
∂µH +
i√
3
(v +H(x))Z0uµ
)
x−β. (D.8)
Let us come back to the Higgs’ potential. One can write
V (ϕ1, ϕ2) =
1
V2
2π2√
1 + ζ2
κ
(1
2
i(2− |ϕ1|2)hα + 1
2
i(2− |ϕ2|2)hβ − 3
2
iϕ1ϕ
∗
2xγ −
3
2
iϕ1ϕ
∗
2x−γ ,
1
2
i(2 − |ϕ1|2)hα + 1
2
i(2− |ϕ2|2)hβ − 3
2
iϕ1ϕ
∗
2xγ −
3
2
iϕ1ϕ
∗
2x−γ
)
(D.9)
where
κ(x, y) = κadx
ayd (D.10)
κad = (1− 2ζ2)had + ξ2kcdkce (D.11)
and ζ is pure imaginary.
This is of course in the case of Hermitian Kaluza–Klein Theory. This generalized potential is
much more complicated than in the GWS model and can go to some complicated Higgs’ sector
structure. Moreover, in the simplest case for ξ = 0 it can predict a good agreement with an
experiment for a pattern of masses for W,Z0 bosons and Higgs’ boson.
The Higgs’ potential can be written in the following form
V (ϕ1, ϕ2) = V1(ϕ1, ϕ2) + V2(ϕ1, ϕ2) (D.12)
V1(ϕ1, ϕ2) = − π(1 − 2ζ
2)
2(1 + ζ2)r2
[ 9
γ · γ |ϕ1|
2|ϕ2|2 − 1
α · α (2− |ϕ1|
2)2
− 1
β · β (2− |ϕ2|
2)2 − 2(α · β)
(α · α)(β · β) (2− |ϕ1|
2)(2− |ϕ2|2)
]
(D.13)
V2(ϕ1, ϕ2) =
πξ2
2(1 + ζ2)r2
[
−1
4
(2− |ϕ1|2)2K(hα, hα)− 1
2
(2− |ϕ1|2)(2 − |ϕ2|2)K(hα, hβ)
+
3
2
(2− |ϕ1|2)ϕ1ϕ∗2K(hα, xγ) +
3
2
(2− |ϕ1|2)ϕ1ϕ∗2K(hα, x−γ)
− 1
4
(2− |ϕ2|2)2K(hβ , hβ) + 3
2
(2− |ϕ2|2)ϕ1ϕ∗2K(hβ , xγ) +
3
2
(2− |ϕ2|2)ϕ1ϕ∗2K(hβ, x−γ)
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− 9
4
(ϕ1ϕ
∗
2)
2K(xγ , xγ)− 9
4
(ϕ∗1ϕ2)
2K(x−γ , x−γ)− 9
4
|ϕ1|2|ϕ2|2K(x−γ , x−γ)
]
(D.14)
where
K(x, y) = kdex
dye = kcdkcex
dye,
kcd = h
cbkbd, kdc = kcd, kab = −kba
(D.15)
(a right invariant tensor on H = G2).
V1(ϕ1, ϕ2) is a part of Higgs’ potential known in Manton model corrected by a constant from
Nonsymmetric Kaluza–Klein Theory (Hermitian version). V2(ϕ1, ϕ2) is an additional term from
Hermitian Kaluza–Klein Theory and can give additional Higgs’ phenomena. Moreover, according
to an experiment we do not see new phenomena. Moreover, we should do a rescaling (B.17) and
use primed fields.
One gets
V ′1(ϕ
′
1, ϕ
′
2) = V1
(
g
(α · α
γ · γ
)1/2
ϕ′1, g
(α · α
γ · γ
)1/2
ϕ′2
)
= −π(1− 2ζ
2)
(1 + ζ2)r2
[
9g2(α · α)
(γ · γ)3 |ϕ
′
1|2|ϕ′2|2−
1
(α · α)
(
2− g
2(α · α)
(γ · γ) |ϕ
′
1|2
)2
− 1
(β · β)
(
2− g
2(α · α)
(γ · γ) |ϕ
′
2|2
)2
− 2(α · β)
(α · α)(β · β)
(
2− g
2(α · α)
(γ · γ) |ϕ
′
1|2
)(
2− g
2(α · α)
(γ · γ) |ϕ
′
2|2
)]
(D.16)
V ′2(ϕ
′
1, ϕ
′
2) = V2
(
g
(α · α
γ · γ
)1/2
ϕ′1, g
(α · α
γ · γ
)1/2
ϕ′2
)
=
πξ2
2(1 + ζ2)r2
[
−1
4
(
2− g
2(α · α)
(γ · γ) |ϕ
′
1|2
)2
K(hα, hα)
− 1
2
(
2− g
2(α · α)
(γ · γ) |ϕ
′
1|2
)(
2− g
2(α · α)
(γ · γ) |ϕ
′
2|2
)
·K(hα, hβ)
+
3g2(α · α)
2(γ · γ)
(
2− g
2(α · α)
(γ · γ) |ϕ
′
1|2
)
ϕ′1ϕ
′
2
∗(K(hα, xγ) +K(hα, x−γ))
− 1
4
(
2− g
2(α · α)
(γ · γ) |ϕ
′
2|2
)2
K(hβ , hβ) +
3g2(α · α)
2(γ · γ)
(
2− g
2(α · α)
(γ · γ) |ϕ
′
2|2
)(
K(hβ , xγ) +K(hβ, x−γ)
)
− 9g
4(α · α)2
4(γ · γ)2
(
(ϕ′1ϕ
′
2
∗)2K(xγ , xγ)+(ϕ′1
∗ϕ′2)
2K(x−γ , x−γ)
)− 9g4(α · α)2
(γ · γ)2 |ϕ
′
1|2|ϕ′2|2K(x−γ , x−γ)
]
(D.17)
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Eq. (4.33) can be rewritten in the form below (see Eq. (2.39)):
LYM = 1
8π
[
− 1
γ · γ
[
δn¯k¯H
k¯ωµH n¯ωµ − 2δc¯d¯H c¯H d¯ + 2δn¯k¯H k¯ωµH n¯δωg[αµ]g˜(αδ)
]
+ ξ
[
2kn¯k¯H
k¯ωµH n¯δω g˜
(δα)g[αµ] − 2kk¯d¯H k¯ωµH d¯δαg˜(δβ)g˜(αρ)g[βω]g[ρµ]
− kk¯d¯H k¯ωµH d¯ηω g˜(ηβ)g˜(αρ)g[µα]g[βρ] + kk¯d¯H k¯ωµH d¯ηω g˜(ηδ)g˜(αρ)g[δβ]r[ωδ]
]
+ ξ2
[
knk¯k
n
d¯H
k¯ωµH d¯ηµg˜
(ρβ)g˜(ηα)g[ωβ]g[αρ] − 2knk¯knd¯H k¯ωµH d¯δαg˜(δη) g˜(αρ)g[ηω]g[ρµ]
− knk¯knd¯H k¯ωµH d¯ηω g˜(ρα)g˜(ηβ)g[µα]g[βρ] + kk¯bkbd¯H k¯ωµH d¯αωg˜(αβ)g[µα]
− kk¯bkbd¯H k¯ωµH d¯αµg˜(αβ)g[ωβ] + kpn¯kpk¯H k¯ωµH n¯ωµ
]
+ ξ3
[
knk¯k
nbkbd¯H
k¯ωµH d¯αω g˜
(αβ)g[µβ] − knk¯knbkbd¯H k¯ωµH d¯αµg˜(αβ)g[ωβ]
]]
(D.18)
where H c¯ = H c¯µνg
[µν], n¯, k¯, c¯, d¯ = 1, 2, 3, 4 in such a way that
e∗ωE = Aµθµ +Bµθµ = (Aµata +Bµy)θµ (D.19)
(a = 1, 2, 3), t1 =
1
2 i(xγ + x−γ), t2 =
1
2 (xγ − x−γ), t3 = 12 ihγ = iγ·γ (γ1H1 + γ2H2), t4 = y =
1
2 ih =
i
γ·γ (γ1H2 − γ2H1),
e∗ΩE = e∗
(1
2
H k¯θµ ∧ θµ
)
=
1
2
(F aµν ta +Bµνy)θ
µ ∧ θµ, (D.20)
a, b, c = 7, 8, . . . , 20 (h = G2) in such a way that
c = α,−α, β,−β, γ,−γ, α′ ,−α′, β′,−β′, γ′,−γ′, 19, 20,
where α, β etc. correspond to 12 roots of the algebra G2 and to generators xα, xβ etc., 19, 20
correspond to the generators H1,H2—elements of Cartan subalgebra of G2.
One gets
ℓn¯d¯ = −
1
γ · γ δn¯d¯ + ξα
c
n¯α
d
d¯
kcd (D.21)
where
αcn¯xc = tn¯, (D.22)
n¯ = 1, 2, 3, tn¯ = ta, n¯ = 4, t4 = y.
In this way we have
H k¯ωµ → F aωµ, k¯ = 1, 2, 3,
H4ωµ → Bωµ.
(D.23)
In a gauge U one gets
F aωµ →W auωµ, a = 1, 2,
F 3ωµ → F 3uωµ = 1
2
(Z0uωµ +
√
3Fωµ)
Bµν =
1
2
(
√
3Z0uµν − Fµν).
(D.24)
One should remember that we have to do with Hermitian version of Nonsymmetric Kaluza–
Klein Theory (Hermitian Kaluza–Klein Theory). Moreover, we consider Hypercomplex–Hermitian
version which is effectively equivalent to a real version of a theory.
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Appendix E
In this appendix we consider our δ-deviation from θW =
π
6 in a deeper level. It means we consider
a ∆r theory up to the second order known in the literature (see Ref. [56] and references therein,
see also [63], [64]). We have
∆r =
(
1− αem(0)
αem(M
2
Z0)
)(
1− C
2
W
S2W
∆ρ
)
+∆rrem,
C2W = cos
2 θW , S
2
W = sin
2 θW , (E.1)
where
∆ρ = 3xt
(
1 + xtρ
(2)(z) + δρQCD
)
(E.2)
xt =
GFm
2
t
8π2
√
2
(E.3)
δρQCD = −αs(µ)
π
c1 +
(αs(µ)
π
)2
c2(µ) (E.4)
c1 =
2
3
(π2
3
+ 1
)
(E.5)
c2 = −14.59 (E.6)
ρ(2)(z) =
49
4
+ π2 +
27
2
log z +
3
2
log2 z +
z
3
(
2− 12π2 + 12 log z − 27 log2 z)
+
z2
48
(
1613 − 240π2 − 1500 log z − 720 log2 z) (E.7)
z =
m2t
m2H
(E.8)
∆rrem =
√
2GFM
2
W
16π2
· 11
3
(
ln
(M2H
M2W
)
− 5
6
)
. (E.9)
From the equation
sin2 θW = sin
2(π6 + δ) = 4(1 −∆r) (E.10)
one gets
δ = −
√
3
(
1− αem(0)
αem(M2
Z0
)
− 3∆ρ(1 + αem(0)
αem(M2
Z0
)
)
+∆rrem
)
6
(
1− 4∆ρ(1− αem(0)
αem(M2
Z0
)
)) . (E.11)
Taking
αs(M
2
Z0) = 0.1185 (E.12)
GF = Gµ = 1.66378 × 10−5 (GeV)−2 (E.13)
mt = 173.21GeV (E.14)
MH = 125.7GeV (E.15)
MW = 80.385GeV (E.16)
MZ0 = 91.18GeV (E.17)
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αem(0) ≃ αem(m2e) =
1
137.035
(E.18)
αem(M
2
Z0) ≃ α(M2W ) =
1
128
(E.19)
∆ρ = −0.000044702565 (E.20)
and eventually
δ = −0.01652297 (E.21)
or δ = −56′48.108′′ (E.22)
sin2 θW = sin
2(π
6 + δ
)
= 0.23583 (E.23)
and MW = 79.7067 (E.24)
which is almost correct value of a mass of W± bosons,
θW = 29
◦3′11.898′′. (E.25)
It seems that this is self-consistent.
Conclusions and prospects for further research
In the paper we consider a color confinement in the nonsymmetric non-Abelian Kaluza–Klein
Theory. We derive a condition for a dielectric confinement in the theory. We remind to the reader
some notions of the Nonsymmetric Kaluza–Klein Theory and a new version of the Kerner–Wong–
Kopczyński equation in this theory. We solve constraints in Nonsymmetric (Non-Abelian) Kaluza–
Klein Theory and also constraints in the Nonsymmetric Kaluza–Klein Theory with spontaneous
symmetry breaking and Higgs’ mechanism.
In our geometrical unification we consider all interactions unified by one connection defined on
many dimensional manifold (see Refs [1, 65]). We consider also spontaneous symmetry breaking
and Higgs’ mechanism in the Nonsymmetric Kaluza–Klein Theory in a general scheme applicable
in a general version for a unification of the nonsymmetric gravity (NGT) with a grand unified
model of gauge field interactions in a bosonic sector. We combine in this case a dimensional
reduction model with Kaluza–Klein Theory. In this approach Higgs’ field is a part of a Yang–
Mills’ field on an extended space-time with a symmetry. A base manifold V = E ×M , where
M = G/G0 is a vacuum state manifold (classical vacuum). This approach has been suggested for
the first time in Ref. [66]. We derive a generalization of the Kerner–Wong–Kopczyński equation
for a case with a Higgs’ field presence.
Due to a geometrical origin of these equations we get a new kind of a “charge” which couples
to Higgs’ field as an electric charge couples to an electromagnetic field in a Lorentz force term.
This charge is a generalization of a color (isotopic) charge which couples to Yang–Mills’ field.
We consider also a Manton model of electro-weak interactions in the framework of Nonsymmet-
ric Kaluza–Klein Theory. In this way we unify electromagnetic and weak interaction (a bosonic
sector) with a nonsymmetric gravity (NGT). (This is a 6-dimensional Manton model with G2
group.) We get a possibility to obtain a realistic mass spectrum for W±, Z0 bosons and a re-
cently discovered Higgs’ boson. Our unification is justified by the fact that a small correction to
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θW =
π
6 (Weinberg angle) obtained in the theory can be got by renormalization procedure known
in the literature (∆r theory).
Let us give the following remark. The classical 5-dimensional Kaluza–Klein Theory (formu-
lated as a metrized electromagnetic fiber bundle) gives the exact results of Maxwell electrody-
namics with a Lorentz force term and Einstein General Relativity, on a unified geometrical basis.
This theory can be considered as a quintessence of classical physics, even it does not give any
“interference effects” between gravity and electromagnetic theory. Our 20-dimensional unification
of Hermitian gravity and GSW model (a bosonic part) in a framework of Hermitian Kaluza–Klein
Theory with spontaneous symmetry breaking can be treated as a prequantum geometrical unifica-
tion of gravity and electro-weak interactions. Our 12-dimensional unification of Hermitian gravity
and Nonabelian Yang–Mills’ field for G = SU(3) into Hermitian Nonabelian Kaluza–Klein The-
ory can be treated as prequantum geometrical unification of gravity and strong interactions (a
bosonic part of QCD). Both unifications give “interference effects” between gravity, electro-weak
interactions and strong interactions.
There are some further prospects for a research. First of all it is necessary to incorporate
fermions in the theory.
The beautiful theories as Kaluza–Klein theory (a Kaluza miracle) and its descendents should
pass the following test if they are treated as real unified theories. They should incorporate chiral
fermions. Since the fundamental scale in the theory is a Planck’s mass, fermions should be massless
up to the moment of spontaneous symmetry breaking. Thus they should be zero modes. In our
approach they can obtain masses on a dimensional reduction scale. Thus they are zero modes in
(4 + n1)-dimensional case. In this way (n1 +4)-dimensional fermions are not chiral (according to
the very well known Witten’s argument on an index of a Dirac operator). Moreover, they are not
zero modes after a dimensional reduction, i.e. in 4-dimensional case. It means we can get chiral
fermions under some assumptions.
We should look for some possibilities of Grand Unified Models (see Ref. [67]). First of all we
should look for a group G such that
SU(3)c ⊗ SU(2)L ⊗U(1)Y ⊂ G.
There are a lot of possibilities. One of most promising is G = SO(10). Moreover, we need also
a group G0 such that M = G/G0 (see Refs [42, 43]). In our world G0 = SU(3)c ⊗ U(1)em. The
group H, G = SO(10) and G0 = U(1)em ⊗ SU(3)c should be such that
SO(10) ⊗ (SU(3)c ⊗U(1)em) ⊂ H.
The simplest choice isH = SO(16). Why? First of all G2 ⊂ SO(16) and SO(10)⊗SO(6) ⊂ SO(16).
Moreover, SO(6) ≃ SU(4) and SU(3) ⊗U(1) ⊂ SU(4). Thus if we identify U(1) with U(1)em and
SU(3) with SU(3)c we get what we want. In this way
M = SO(10)/SU(3)⊗U(1),
S2 ⊂ M , dimSO(16) = 120, dimSO(10) = 45, n1 = dimM = 36. There is also a possibility to
consider a different possibility
M ′ = SO(10)/SU(3)
and SO(10) ⊗ SU(3) ⊂ H for a U(1) is an Abelian factor, which is a little in a spirit of the
Manton approach for GSW model (see Ref. [43]). Coming back to the problem of fermions we
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can try to couple multidimensional spinors in a minimal coupling scheme to multidimensional
connections describing a unified field theory. In this way we can get chiral fermions coupled to
gravity, Yang–Mills’ and Higgs’ fields.
Thus a Yukawa mechanism is possible in our approach. The Yukawa sector in the theory can
be obtained due to a minimal coupling to a total covariant derivative (“gauge” and with respect
to a Levi-Civita connection generated by a symmetric part on a multidimensional metric on a
total (4 + n + n1)-dimensional manifold at one) to many-dimensional spinor in 2
N -dimensional
space, where N = Ent(4+n+n12 ). In this way we can write a Lagrangian of the spinor field in
the form 12 i~c(ΨΓ
M
gauge
∇˜M Ψ +
gauge
∇˜M ΨΓMΨ), where
gauge
∇˜M is a derivative mentioned above. ΓM are
2N -dimensional generalization of Dirac matrices and Ψ = Γ 4Ψ+. Due to a dimensional reduction
procedure, taking only zero-modes for 2N -dimensional spinor we can get 4-dimensional spinors
defined on a space-time E. We can try to get chiral spinors (a Witten argument of an index of
a Dirac operator does not work on a 4-dimensional space) and also to arrange many-dimensional
(2N -dimensional) spinor as a collection of 4-dimensional spinors to get fermions (known from
an experiment). Due to a coupling to many-dimensional Yang–Mills’ field (after a dimensional
reduction decomposed into 4-dimensional Yang–Mills’ field and a multiple of scalar (four-dimen-
sional) fields—Higgs’ fields) we get a Yukawa-type terms for 4-dimensional spinors. Thus due
to a Higgs’ mechanism (geometrized in our theory) we get a pattern of masses for 4-dimensional
fermions. The scale of mass for such fermions is given by a parameter r—a radius of a manifold
M = G/G0. Very heavy fermions with masses of order of a Planck’s mass are removed from the
theory by conditions of zero-mode for Ψ . The bare masses obtained here can interact according
to the Newton law.
Generalized Dirac matrices are defined by the relations
{ΓA, ΓB} = 2ηAB or {Γ A˜, Γ B˜} = 2ηA˜B˜
where
ηAB = diag{−1,−1,−1, 1,−1, . . . ,−1︸ ︷︷ ︸
n
}
ηA˜B˜ = diag{−1,−1,−1, 1,−1, . . . ,−1︸ ︷︷ ︸
n1
,−1, . . . ,−1︸ ︷︷ ︸
n
}.
For (n+ 4) or (n+ n1 + 4) equal to 2l + 2 (the even case) we define
Γ 4± = 12(±Γ 4 + Γ 1),
Γ A¯± = 12(Γ
2A¯ ± iΓ 2A¯+1), A = 1, . . . , l.
It is easy to show
{Γ A¯±, Γ B¯±} = −δA¯B¯
{Γ A¯+, Γ B¯+} = {Γ A¯−, Γ B¯−} = 0.
In particular
(Γ A¯+)2 = (Γ A¯−)2 = 0.
In this way we always have a spinor Ψ0 such that
Γ A¯−Ψ0 = 0
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for all A. We get all possible spinors acting on Ψ0 by Γ
A¯+. We get 2l+1 such spinors (a full
representation). ΓA or Γ A˜ can be derived in such a base by using iterative method.
In the case of 2l + 3 (an odd case) we should have
Γ 2l+3 = i−(l+1)Γ 1 · · ·Γ 2l+2
such that
(Γ 2l+3)2 = −1, {Γ 2l+3, Γ ¯¯A} = 0, A = 1, . . . , 2l + 2.
It is easy to define a basis of spinors for both cases. Let ζ = (ζ1, . . . , ζl), ζA¯ = ±12 ,
Ψζ =
( l∏
A¯=0
(Γ (l+A¯))ζ(l+A¯)+1/2
)
Ψ0.
Γ 2l+3 in the even case distinguishes between two classes of spinors
Γ 2l+3Ψζ = +Ψζ (2
l-dimension—first representation)
Γ 2l+3Ψζ = −Ψζ (2l-dimension—second representation)
In the odd case we have only one representation of 2l+1-dimension.
We can introduce also generators of SO(1, 3 + n) or SO(1, 3 + n1 + n) algebra
σ̂AB or σ̂A˜B˜
σ̂AB =
i
4
[ΓA, ΓB ]
σ̂A˜B˜ =
i
4
[Γ A˜, Γ B˜].
We have of course
[σ̂MN , σ̂RS ] = −i[ηNS σ̂MR + ηRN σ̂SM + ηMRσ̂NS + ηSM σ̂RS ]
[σ̂M˜N˜ , σ̂R˜S˜ ] = −i[ηN˜ S˜ σ̂M˜R˜ + ηR˜N˜ σ̂S˜M˜ + ηM˜R˜σ̂N˜S˜ + ηS˜M˜ σ̂R˜S˜].
Our spinors transform as
Ψ → exp(12αAB σ̂AB)Ψ
or Ψ → exp(12αA˜B˜ σ̂A˜B˜)Ψ
αAB = −αBA
αA˜B˜ = −αB˜A˜.
We also have
(σ̂AB)+Γ 4 = Γ 4σ̂AB
(σ̂A˜B˜)+Γ 4 = Γ 4σ̂A˜B˜ .
In our particular cases with or without spontaneous symmetry breaking we get our matrices
using ordinary Dirac matrices and their tensor products with some special matrices. One gets for
covariant derivatives
D˜Ψ = dΨ + 12 ω˜ABσ̂
ABΨ
D˜Ψ = dΨ + 12 ω˜A˜B˜σ̂
A˜B˜Ψ.
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Moreover, we use as before (see Ref. [9])
gauge
D˜ Ψ = hor D˜Ψ =
gauge
d Ψ + 12 hor(ω˜AB)σ̂
ABΨ
gauge
D˜ Ψ = hor D˜Ψ =
gauge
d Ψ + 12 hor(ω˜A˜B˜)σ̂
A˜B˜Ψ
and also
D˜Ψ = dΨ − 12 ω˜ABΨσ̂AB
or D˜Ψ = dΨ − 12 ω˜A˜B˜Ψσ̂A˜B˜
where
Ψ = Ψ+Γ 4
and similarly
gauge
D˜ Ψ =
gauge
d Ψ − 12 hor(ω˜AB)Ψσ̂AB
or
gauge
D˜ Ψ =
gauge
d Ψ − 12 hor(ω˜A˜B˜)Ψσ̂A˜B˜ .
ω˜AB and ω˜A˜B˜ are Levi-Civita connections defined on P with respect to a symmetric part of
metrics γ(AB) and γ(A˜B˜).
How does an iterative method for a construction of Γ matrices work? Let us suppose we have
ordinary Dirac matrices γµ and let us define
Γ µ = γµ ⊗
(
−1 0
0 1
)
, µ = 1, 2, 3, 4,
Γ 5 = I4 ⊗
(
0 1
1 0
)
,
Γ 6 = I4 ⊗
(
0 −i
i 0
)
, I4 an identity matrix, 4× 4.
Next step
ΓA = ΓA ⊗
(
−1 0
0 1
)
, A = 1, 2, 3, 4, 5, 6,
Γ 7 = I6 ⊗ I6 ⊗
(
0 1
1 0
)
,
Γ 8 = I6 ⊗ I6 ⊗
(
0 −i
i 0
)
, I6 an identity matrix, 6× 6.
The Lagrangian for out spinor field (multidimensional) looks like
L(Ψ, Ψ,
gauge
D˜ ) = i
~c
2
(
Ψℓ ∧
gauge
D˜ Ψ +
gauge
D˜ Ψ ∧ ℓΨ)
where
ℓ = Γ µηµ
and ηµ is a dual Cartan basis on E.
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We also write new type of covariant derivative
gauge
D˜ as DΨ and DΨ (see Ref. [9]).
The interesting problem is to find exact solutions of field equations in the case of GSW-
model of Hermitian Kaluza–Klein Theory with spontaneous symmetry breaking and also for the
Nonsymmetric Nonabelian (real or Hermitian) Kaluza–Klein Theory with G = SU(3). We expect
some nonsingular, particle-like stationary solutions in the case of spherical symmetry. Axially
symmetric stationary solutions in both cases seem to be very interesting from more general point
of view and we will seek for them. These solutions can be considered with and without fermion
sources. We also look for some wave-like solutions: a non-Abelian plane wave, spherical and
cylindrical waves. The waves can be considered as gravito-Yang–Mills’ waves.
Let us give some comments. There are two versions of the Nonsymmetric Kaluza–Klein
Theory: real and Hermitian. Both versions work very well in the case of 5-dimensional (electro-
magnetic) and in the case of Non-Abelian Yang–Mills’ field. We get charge and color confinement
and nonsingular solutions. However, if we want to apply the theory for GSW model (a bosonic
part of this model), only Hermitian version works getting pattern of masses of Z0 andW± bosons
and Higgs’ boson agreed with an experiment. It seems that an experiment chooses the Hermitian
version. In this way an idea of deriving a unified field theory from higher-dimensional gravity is
maintained, together with much of the appealing simplicity and unity of the theory.
Hermitian Kaluza–Klein Theory seems to be closer to quantum theory even it is a classical field
theory. According to A. Einstein Hermitian version of Unified Field Theory would be prequantum
gravity.
Let us express Ec and H
e in terms of Dn and Bd in the Nonsymmetric Kaluza–Klein Theory
(electromagnetic case):
Ec = ∆
r
c · LrnDn +∆rcKreCedBd
where Lrn,Kre and C
ed are given resp. by Eqs (2.123), (2.122), and by Eq. (1.73) of Ref. [9] and
∆rc is an inverse tensor of δ
c
r −KreAec, i.e.
(δcr −KreAec)∆rd = δcd
where Aec is given by Eq. (1.70) of Ref. [9] and
det(δcr −KreAec) 6= 0
He = ΞeaA
acLcnD
n +ΞeaC
adBd
and Ξea is an inverse tensor of δ
a
e −AecKce, i.e.
(δae −AecKce)Ξef = δaf , det(δae −AecKce) 6= 0.
In the case of Hermitian Kaluza–Klein Theory we define vectors
Fc = 1√
2
(Dc + iBc)
and
Gc = 1√
2
(Ec + iHc).
One gets
Gc = 1√
2
[
(∆rcLr
n
+ iΞcaA
afLf
n
)Dn + (∆
r
cKreC
ed + iΞcaC
ad)Bd
]
.
84
We remind to the reader that Latin indices (3-dimensional space indices) are keeping in up or
down position only for convenience. Thus we exchange
Ξca → Ξca
Dn → Dn
Lfn → Lfn
Lrn → Lrn
Hc → Hc.
In this way we describe the Riemann–Silberstein vector in the Hermitian Kaluza–Klein Theory
in an electromagnetic case (see Refs [68], [69], [70], [71]) Fc and the second vector Gc.
For a vector Fc is considered as a wave function of a photon we are closer to the quantum
theory. This really is a prequantum theory.
We can do the same in the case of Yang–Mills’ field getting
Fec¯ =
1√
2
(Dec¯ + iB
e
c¯)
and
Gec¯ =
1√
2
(Eec¯ + iH
e
c¯ ),
which can be calculated in the Hermitian-Nonabelian Kaluza–Klein Theory using formulas (2.45)–
(2.50) and (2.111)–(2.112).
How to quantize the Nonsymmetric Kaluza–Klein Theory? First of all we can quantize it
using Ashtekar–Lewandowski formalism considering it as GR with additional sources, i.e. g[µν],
gauge fields, Higgs’ fields (see Ref. [32]). This will be done elsewhere. The second approach is to
consider our theory also as GR with additional geometrized sources (see Appendix E of Ref. [9])
and develop it into a nonlocal theory. There are several approaches of quantization of nonlocal
theories (see Refs [72], [73]). In this case we can avoid infinities appearing in perturbation calculus,
getting a theory which is renormalizable, super-renormalizable and even finite.
Nonlocal theories, roughly speaking, are equivalent to theories with higher derivatives up to
an infinite order. An integral transformation is equivalent to a differential operator of an infinite
order.
Moreover, introducing nonlocality or a differential operator of an infinite order can be consid-
ered as a special type of a regularization procedure to remove infinities from Feynman diagrams
calculations in perturbation calculus. It is possible to consider such a procedure as a general-
ized (covariant and gauge invariant) Pauli–Villars regularization procedure. Simultaneously we
can quantize the theory (as an ordinary field theory) using Faddeev–Popov prescription in path-
integral formalism for gravity and Yang–Mills’ field. A divergence of a one loop in the case of
gravity can be removed using dimensional regularization-renormalization procedure. In order to
avoid massive ghosts we should carefully design higher derivative corrections to gravity, Yang–
Mills’s fields, Higgs’ fields using differential operator of infinite order. According to Ref. [74, 75]
we should add
ℓabL
aµνh1
(
− ∆
Λ2
)
Hbµν
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where ∆ is a Laplace operator, a gauge covariant and a covariant with respect to a Levi-Civita
connection generated by g(αβ), Λ is a scale:
∆ = g˜(αβ)
gauge
∇˜α
gauge
∇˜β .
h1 is an entire function (non-polynomial) which should be carefully chosen.
We should also add
habH
ah2
(
− ∆
Λ2
)
Hb
R(W )h3
(
−∇
2
Λ2
)
R(W )
Rµν(W )h4
(
−∇
2
Λ2
)
Rµν(W )
∇2 = g˜(αβ)∇˜α∇˜β.
R(W ) and Rµν(W ) should be expressed by R˜, R˜µν and additional fields, i.e. g[µν] and W µ.
In the case where we have to do with Higgs’ fields and spontaneous symmetry breaking we
add also the terms
1
V2
∫
M
√
|g˜| dmx
(
ℓabg˜
b˜n˜Laµbh5
(
− ∆
Λ2
)gauge
∇µ Φbn˜
)
and habµ
a
iH˜
ih6
(
− ∆
Λ2
)
g[a˜b˜]
(
CbcdΦ
c
a˜Φ
d
b˜
− µbıˆf ıˆa˜b˜ − Φbd˜f d˜a˜b˜
)
where h3, h4, h5 and h6 are entire transcendental functions of a complex variable.
The problem which arises now is as follows: Is it possible to choose h1, h2, h3, h4, h5, h6 in such
a way that no physical poles are introduced while the theory will be (super-) renormalizable and
unitary. It seems that such entire transcendental functions can be defined (see also Refs [76, 77]).
This will be examined elsewhere.
Let us consider the following Lagrangian in the theory
L = R(W ) +R(W )h3
(
−∇
2
Λ2
)
R(W ) +Rµν(W )h4
(
−∇
2
Λ2
)
Rµν(W )
+ ℓabL
aµνh1
(
− ∆
Λ2
)
Hbµν + habH
ah2
(
− ∆
Λ2
)
Hb +R(Γ ),
i.e. a Lagrangian (2.67) plus higher order in derivatives terms (this Lagrangian can be extended
to the case with Higgs’ fields).
Let us apply a path-integral method to quantize gravitational and Yang–Mills’ field. We write
rather formally (see Ref. [78])
Z =
∫
eiS[A,g,W¯ ]DADgDW,
where S is a classical action
DA =
∏
µ
DAµ =
∏
x,µ
dAµ(x)
Dg =
∏
α,β
α≤β
Dg(αβ)
∏
α,β
α<β
Dg[αβ] =
∏
x,α,β
α≤β
dg(αβ)(x)
∏
x,α,β
α<β
dg[αβ](x)
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DW =
∏
µ
DWµ =
∏
x,µ
dW µ(x)
mean functional (nonexiting) measure for gauge field and gravity.
According to Ref. [74] we add gauge-fixing terms
Lg = −η
µν
2β1
fν [g]Wg
(
− 
Λ2
)
fµ[g] − 1
2β2
fa[A]WYM
(
− 
Λ2
)
habfb[A] − 1
2β3
h[W ]W˜
(
− 
Λ2
)
h[W ],
where β1, β2, β3 are constants and  is an ordinary d’Alembert operator in a Minkowski space.
fµ[g] = fµ[gαβ ] is a gauge fixing function for a gravitational field, fa[A] for a gauge field, Wg is a
gravity gauge-fixing weighting function, WYM is a gauge-term weight for a Yang–Mills’ field. We
add also a gauge-fixing function for Wµ field with its weight w˜.
We can also add gauge-fixing terms for Higgs’ fields. Sometimes it is possible to consider a
gauge condition which involves gauge and Higgs’ fields together. In this way we can get also ad-
ditional Faddeev–Popov ghosts. But this does not threaten us. These ghosts are easily exorcized.
The most important problems in this theory are possible massive ghosts which could appear if
functions hi are not properly chosen.
The FP (Faddeev–Popov) ghosts are not dangerous as we mention above from quantum field
theory point of view. They are also exorcized from geometrical point of view, i.e. they can be
geometrized (see Ref. [79]). According to Refs [79, 80] a gauge field (in specific fixed gauge, i.e. in
a section of a principal bundle) plus a ghost field is a globally defined connection on the principal
bundle (see also Eq. (2.56)). The anticommuting property of a ghost field can be easily derived
and a nilpotent BRST charge obtained as a differential operator. In order to proceed a functional
integration we apply a well-known Faddeev–Popov trick in order to do an integration over those
configurations which satisfy a gauge fixing conditions. In this approach ghosts fields appear in
the Lagrangian. We have two kinds of ghosts—gauge field ghosts and gravity field ghosts. Thus
we have a ghost field Lagrangian
Lgh = caMabcb + c
µNµνC
ν + cMc
coming from an exponentiation of a Faddeev–Popov determinant (an infinite analogue of a “Ja-
cobian”) such that
Mabcb = δcfa[A,x] (scalars)
Nµνcµ = δαfv[g, x] (vector)
Mc = δh[W,x] (scalar)
where δcfa is the infinitesimal transformation of fa with gauge parameters cb, δαfv is the infinites-
imal transformation of fv with a changing of a frame with parameter cµ and δh is an analogue
of a gauge changing of W ν . They do not depend on weighting functions. The Faddeev–Popov
ghosts are ghost fields in this sense that they do not have a right statistics. In order to get ghost
Lagrangian we should integrate using anticommuting fields. In this way, they are anticommuting
bosons. Thus one gets
Z =
∫
eiS[A,g,W¯ ,ca,cµ,c]DF Dh = V ·
∫
eiS[A,g,W¯ ,ca,cµ,c]DF
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where
DF =
∏
x
dAfix(x)
∏
x
dgfix(x)
∏
x
dW fix(x)
∏
x
(dca(x) dca(x))
∏
x
(dcµ(x) dcµ(x))
∏
x
(dc(x) dc(x))
Dh =
∏
x
dh(x) (integration over a gauge group),
ca, cµ, c mean antighost fields. V is an “infinite volume” of a local gauge group, A
fix(x) means
that the gauge has been fixed. The same for gfix(x) andW
fix
(x). (In a more geometrical language
we say that an integration is over an orbits space of a local gauge group.)
S[A, g,W , ca, cµ, c] =
∫
d4x
√−g(L+ Lg + Lgh).
The above formulae are starting points for a path-integral quantization of the Nonsymmetric
Kaluza–Klein Theory after a careful choice of entire functions hi, i = 1, 2, 3, 4. We hope to find
them to get (super-) renormalizable or even finite theory unifying nonsymmetric gravity and other
fundamental interactions (in a bosonic section) with “interference effects” obtained on a level of a
classical field theory. After an inclusion of fermion fields this program accomplishes the Einstein
idea of a Unified Field Theory of all interactions, which is geometrical (geometrization of physical
interactions), nonlinear (nonlinear field equations) and also non-local. This nonlocality should
of course be causal and this depends on functions hi. Such functions are entire transcendental
functions. They are not polynomials, i.e.
h(z) =
∞∑
n=0
anz
n and lim
n→∞
n
√
|an| = 0.
It means they are defined on a whole open complex plane and according to Liouville theorem they
have a pole or an essential singularity at infinity.
The construction of such functions can be done according to Refs [74, 75, 76, 77]. In any cases
we can write (g˜ is a coupling constant)
h(z) = 1 + g˜2 exp
(∫ pγ(z)
0
1− ζ(w)
w
dw − 1
)
where pγ(z) is a real polynomial of degree γ and pγ(0) = 0, ζ(z) is an entire function and real on
the real axis and ζ(0) = 1,
|ζ(z)| → ∞ for |z| → ∞, z ∈ C.
There are several propositions for such functions in some applications for GR and Yang–Mills’
fields. We can perform a perturbation calculus using Feynman diagrams for S-matrix which is
unitary. The full program will be developed elsewhere.
We should look for Kähler structure on M = G/G0 (on a homogeneous space) and also on
compact Lie groups G and H in order to get a more sound mathematical constructions.
Let us notice that all the conclusions from Appendix D of Ref. [9] can be applied also here.
The important problem in this theory is a problem of ghosts and tachions. This problem
should be solved on the level of a classical field theory before a quantization, on a prequantum
level. The problem is connected with the existence of the skew-symmetric tensor g[µν]—a skewon.
88
This particle in a linear approximation is massive getting mass term from a cosmological constant
which appears in the theory. According to modern ideas a cosmological constant is not zero and
we are (in principle) able to tune our cosmological term to the observation data. In this way we
can predict a value of a mass of a skewon. Skewon has a spin zero and has a positive energy in
the case of a pure real or hypercomplex Hermitian Theory (see Refs [81], [82], [83], [84]).
Thus our 20-dimensional unification should be considered in the case of hypercomplex Hermi-
tian gravity with Kählerian structure on S2 combined to Hermitian (complex or hypercomplex)
Kaluza–Klein Theory.
Our 12-dimensional unification should be considered in the case of hypercomplex Hermitian
gravity combined to Hermitian (complex or hypercomplex) Kaluza–Klein Theory.
Our 5-dimensional unification from Ref. [9] should be considered in the case of hypercomplex
Hermitian gravity combined to Hermitian (complex or hypercomplex) Kaluza–Klein Theory.
We do not exhaust a possible research in this direction. First of all we can consider a Quater-
nionic (or Split-Quaternion) Hermitian gravity (if we find some applications of additional degrees
of freedom) to extend to Hermitian (quaternionic or split-quaternion) Hermitian Kaluza–Klein
Theory. The second direction is to consider in place of a Cartesian product V = E×M = E×G/G0
or V = E×S2 a nontrivial principal fiber bundle over E with a fiberM = G/G0 or S2. Moreover,
we need application of additional degrees of freedom, i.e. a connection on the bundle.
In Ref. [85] the authors write in a very pessimistic way. We quote: “Unfortunately, although
our understanding of gauge theories has continued to develop, we have made very little progress
in understanding the origin of spontaneous symmetry breakdown. For the most part, the Higgs’
mechanism continues to be described by the ad hoc introduction into the Lagrangian of elementary,
weakly self-coupled scalar fields. In the minimal model, a complex SU(2) doublet is used, providing
three Goldstone bosons (longitudinal W and Z bosons) and one physical massive scalar.”
According to our research this pessimistic view of Higgs’ sector is not longer true. Higgs’ fields
are part of gauge fields (dimensional reduction procedure). A full bosonic sector of GSW model
can be incorporated as a part of the Hermitian (Nonsymmetric) Kaluza–Klein Theory getting
masses of W and Z bosons, Higgs’ boson and Weinberg angle agreed with an experiment. All
mentioned particles have been discovered and some additional phenomena can be predicted due
to the existence of antisymmetric tensors in the theory.
Let us give some historical remarks. The dimensional reduction and invariant connections
which lead to the interpretation of the Higgs-like scalar multiplets as a part of Yang–Mills’ field
in higher dimensional bundle over a quotient space has been also introduced in Refs [86, 87, 88].
Moreover, in our approach we follow Refs [40]–[48]. They are by any means published earlier. Let
us notice the following fact. In 1977 A. Trautman communicated to me that K. A. Olive found
a possibility to get a kinetic term for a scalar field from the fifth dimension which was similar to
my observation.
The idea to interpret the non-Abelian gauge field as a torsion appeared in Refs [89, 90]. The
quartic potential of generalized Higgs’ field can be obtained in the framework of non-commutative
geometry, see Refs [91, 92]. Actually we do not follow this approach.
We mention above on our plans to consider chiral fermions in our approach. Probably we use
some ideas from Ref. [93].
In Refs [94, 95] an idea was considered to use supergroups in order to unify physical interac-
tions. In this way a nonsymmetric tensor on a supergroup appears naturally as a part of gen-
eralized Killing–Cartan tensor connected anticommuting generators. We mention this possibility
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in Ref. [1]. Moreover, in Refs [94, 95] this idea is not connected to any nonsymmetric geometry
as in Ref. [1]. Let us notice the idea to geometrized BRST symmetry has been developed in
Ref. [96]. Let us notice that in Refs [94, 95] supergroups are considered as global symmetries.
Our suggestions from Ref. [1] considered a supergroup as a local symmetry combined via Einstein
geometry with nonsymmetric gravity or even supergravity. This idea can be considered as future
prospects for further research. Let us notice that we give some historical remarks on Einstein
Unified Field Theory in the last section of Ref. [9]. It is interesting that A. Einstein in Ref. [17]
came back to his first ideas in Unified Field Theory (from 1920–30) and we develop them fur-
ther in a new context. Let us mention on Ref. [97] where A. Crumeyrolle developed a program
of geometrization and unification using a manifold with hypercomplex coordinates close to our
prospects with quaternionic metric.
Finally, let us give some remarks. We do not consider in our (even do not touch) approaches
in which weak interactions and gravity are cross-correlated. In particular, the possibility to
see gravitational interactions as emerging from the long-range behavior of the Higgs’ field (see
Ref. [98]), the possibility that gravitation morphs into weak interactions at the Fermi scale (see
Ref. [99]) and the relationship between weak interactions chirality and gravity (see Refs [100, 101]).
All mentioned approaches are very interesting in principle. However, they have not any application
in our approach—geometrization and unification of fundamental interactions. Only in Ref. [99] we
see some possibility to extend it to an Einstein–Cartan-like theory in order to get current-current
interaction known in an old weak interaction theory. However, this approach even interesting
from conceptual point of view cannot be maintained because we have now GSW-model employing
Yang–Mills’ and Higgs’ fields. The relationship between weak interactions chirality and gravity
(see Refs [100, 101]) is not applicable in our Nonsymmetric Kaluza–Klein Theory because we can
get chiral fermions in a completely different setting (mentioned above).
We should look for a flavor-chiral fermion representation in our approach as we described
above. However this is a still unresolved problem to be considered in future works. Moreover,
we can claim that we deal with GSW-model and QCD-model in the Nonsymmetric Kaluza–Klein
Theory. Our theory is a real candidate of TOE. Moreover, it does not make any development
to “modern” Kaluza–Klein Theory for the reasons given in Conclusions of Ref. [9]. Now we are
waiting for results from new LHC and future accelerators.
The nonsymmetric metric considered here is a crucial point and it has real physical motivation
described in the paper (dielectric model of a confinement and a correct pattern of W±, Z0 and
Higgs bosons in GSW-model). The gravitational influence on GSW-model (Higgs kinetic energy)
can be of course testable in an experiment as a skewon-Higgs’ interaction which may be discovered
in LHC even before graviton-Higgs’ interaction.
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